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Abstract

Uncertainty analysis, which assesses the impact of the uncertainty of input variables on
responses, is an indispensable component in engineering design under uncertainty, such as
reliability-based design and robust design. However, uncertainty analysis is an unaffordable
computational burden in many engineering problems. In this paper, a new uncertainty analysis
method is proposed with the purpose of accurately and efficiently estimating the cumulative
distribution function (CDF), probability density function (PDF), and statistical moments of a
response given the distributions of input variables. The bivariate dimension reduction method
and numerical integration are used to calculate the moments of the response; then Saddlepoint
Approximations are employed to estimate the CDF and PDF of the response. The proposed
method requires neither the derivatives of the response nor the search of the Most Probable Point
(MPP), which is needed in the commonly used First and Second Order Reliability Methods
(FORM and SORM) and the recently developed First Order Saddlepoint Approximation
(FOSPA). The efficiency and accuracy of the proposed method is illustrated with three example
problems. With the same computational cost, this method is more accurate for reliability
assessment and much more efficient for estimating the full range of the distribution of a response
than FORM and SORM. This method provides results as accurate as Monte Carlo simulation,

with significantly reduced computational effort.
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1. Introduction
The quantitative assessment of the impact of the uncertainty of input variables on a
response is now widely recognized as an important and indispensable component in engineering
design under uncertainty, such as reliability based design [1-3], robust design [4-6], design for
Six Sigma [7], and decision making under risk and uncertainty [8]. Consider a response Y, which
is modeled as
Y =g(X), (1)
where the function, g, represents the model under study and is termed a performance function or

response function; and X is a vector of the random input variables, i.e., X =[X,, X,,---, X, ]. In

this paper, X, X,,---, X, are assumed mutually independent. The main task of uncertainty
analysis is to evaluate the cumulative distribution function (CDF), probability density function

(PDF), and the statistical moments (mean, variance, etc.) of Y, given the distributions of input

variables X. Theoretically, the CDF of Y at y can be evaluated with a multi-dimensional integral,

R =P <yy=| - [f09dx, )

9(X)<y
where f, (x)is the joint PDF of X. In the field of structural reliability, Y = g(X)is also referred
to as a limit-state function, and y is treated as a limit state [1]. If the safety is defined by the event
of Y <y, then Eq. (2) defines the reliability. Due to the nonlinear integration boundary,
g(X) =y, and the high dimensionality in Eqg. (2), in practice it is very difficult or even
impossible to obtain an analytical solution to the probability integration [5]. Difficulties in
computing this probability have led to the development of various approximation methods.
Traditionally, commonly used methods comprise three major categories: (1) analytical

methods, (2) surrogate methods, and (3) simulation methods. Typical analytical methods include

MD-05-1025 Huang and Du 3



the First Order Reliability Method (FORM) and the Second Order Reliability Method (SORM)
[9-11]. FORM or SORM achieves a solution to Eq. (2) by simplifying the performance

function, g(X), using first or second order Taylor series expansion at the Most Probable Point

(MPP). Each of them requires an optimization (iterative) process to locate the MPP, which
involves a nonlinear transformation from non-normal variables into standard normal variables,
sensitivity analysis (gradient calculation), and a global optimal solution. Gradient-free methods,
such as genetic algorithms, can also be used for MPP search; but the search process may become
more expensive. The nonlinear transformation may increase the nonlinearity of the performance
function [12]. Sensitivity analysis imposes a restriction on the smoothness of the performance
function. Also, because a linear (in FORM) or quadratic (in SORM) approximation may not
sufficiently capture the nonlinearity of the performance function, their accuracy may not be
satisfactory if the nonlinearity of the performance function in the transformed normal space is
high. Since SORM uses the curvature information at the MPP, it is generally more accurate but
more expensive than FORM. It should be noted that SORM can also work in the original space
without any transformation and it is asymptotically accurate as the estimated probability is close
to 1. Moreover, neither FORM nor SORM s suitable for distribution estimation. The surrogate
methods [13-15] use a simplified model, which is generally obtained from Design of
Experiments or variable screening by means of sensitivity analysis. The accuracy of the
surrogate methods is usually not satisfactory, though sometimes they can give a quick solution
[16]. Both analytical and surrogate methods may have numerical difficulties because they are
computationally expensive when the number of random input variables is large and when
numerical methods for derivatives are involved. Simulation and sampling methods [17-20], such

as direct Monte Carlo simulation, Quasi-Monte Carlo simulation, Latin hypercube sampling and
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importance sampling, are easy and flexible to use and do not exhibit the limitations of analytical
and surrogate methods. However, when the probability in Eq. (2) is high, simulation methods
become too expensive [5].

Point estimate methods [21-23] are another alternative approach to evaluate the moments
and probability distribution of the response. Usually, the first four moments of the response are
predicted using a few points per variable, and then the distribution is described in terms of a 4-
parameter Beta or Lambda distribution. The computational effort of this approach increases
exponentially with the number of random variables. For example, in Seo and Kwak’s work [23],
three points per variable are applied; 3" function evaluations are required for calculating the
probability in Eq. (2) when there are n random input variables in the response. Obviously, this
approach becomes computationally unaffordable if n is larger than 10.

Recently, a new uncertainty analysis method — First Order Saddlepoint Approximation
(FOSPA), has been reported [12]. This method uses accurate Saddlepoint Approximations [24]
resulting in more accurate and efficient solutions than FORM, and in some cases than SORM. It
focuses only on reliability analysis and does not cover response distribution estimation. In
FOSPA, the response function is linearly approximated by its first order Taylor expansion at the
Most Likelihood Point (MLP) in the original space, and the Cumulant Generating Function (CGF)
of the response is then analytically obtained from the linearly approximate function. Since this
method also falls into the aforementioned Category 1, similar to FORM or SORM, its main
drawbacks are the need for derivatives of the response and the reliance on the existence of a
unique MLP, which, in general, may not be the case. Additionally, it may still cause high

computational demand when the problem dimension becomes large.
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The objective of this work is to develop an efficient and accurate method for uncertainty
analysis to estimate the complete distribution of a response, given the distributions of random
input variables. In the proposed method, all random variables are transformed into a specific
normal distribution; and the bivariate dimension reduction and the Gauss-Hermite quadrature
techniques are then used to calculate the statistical moments of the response; the CGF of the
response is then expressed in a form of power expansion, whose coefficients (cumulants) are
associated with the moments from the dimension reduction numerical integration; the accurate
Saddlepoint Approximations are finally employed to calculate the CDF and PDF of the response.
An overview of the proposed method is presented in Section 2, followed by moment calculation
with dimension reduction numerical integration in Section 3 and Saddlepoint Approximations for
PDF and CDF in Section 4. Three examples are used to demonstrate the effectiveness of the

proposed method in Section 5. Section 6 presents the conclusions.

2. Overview of the Proposed Method
The central principle of the proposed method is to use the accurate Saddlepoint

Approximations to estimate the PDF and CDF of a response Y. The only requirement for using

the Saddlepoint Approximations is that the Cumulant Generating Function (CGF) of Y, K, , has
to be known. Since Y is a general function of random variables X, K, will not be readily
available. However, K, can be estimated with the moments of Y. Therefore, the procedure of

the proposed method is composed of two steps: (1) moment calculation of Y, and (2) CDF and
PDF estimation. In Step 1, in order to estimate the moments of Y with high efficiency and
accuracy, we adopt a recently developed dimension reduction method [25,26] to compute

statistical moments with the following modifications:

MD-05-1025 Huang and Du 6



(1) A transformation from general random variables into normal variables with mean of 0
and variance of 0.5, in order to ensure the applicability of any continuous distributions and ease
of the moment estimation; and

(2) The direct use of Gauss-Hermite integration (GHI) to calculate statistical moments.

In Step 2, the CGF of the response Y, K, , is estimated in a power expansion of the

statistical cumulants, which are derived from the moments obtained in Step 1; and Saddlepoint
Approximations are then used to accurately estimate the CDF and the PDF of the response.

Figure 1 outlines the procedure. Details of each step are presented in the following sections.
Insert Figure 1 here.

3. Calculation of Moments Using Dimension Reduction Numerical Integration
The purpose of Step 1 is to estimate the moments of response Y, given the distributions of
X. The strategy of a newly developed dimension reduction numerical integration [26] with

modifications will be used to fulfill the task.

3.1 Moments about Zero

The jth moment about zero, ,uJ of Y = g(X) is defined as

=E{[g)1} = - 1901 fx (x)alx, 3
where f,(x) = f, (x)--- fx (X,) in which f, (x) is the PDF of Xi and E represents the

expectation operator. Equation (3) can also be written as

E{LGOOT )= [ [ T90u-+ % )1 i (6) -+ Fi, (%)l - x, @)
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Practically, such an integral cannot be evaluated analytically because of the high
dimensionality and the complicated integrand. Direct numerical integrations, such as Gauss-
Legendre or Gauss-Hermite quadrature [27], can be applied but are not economically feasible
when the number of random variables is larger than three or four [25]. Monte Carlo simulation is
another technique to solve the problem, but generally requires a large number of function

evaluations to accurately estimate higher-order moments. In this paper, a transformation from
. . . 1) .
general random variables into normal variables of N[O,EJ is employed, and a recently

developed function approximation method of dimension reduction for multi-dimensional
integration [26] is used to approximate the function, [g(x,,---X,)]’, in Eqg. (4). The central idea

of the dimension reduction method is to approximate the integral in Eq. (4) by a summation of a

series of lower-dimensional integrals.

3.2 Transformation of Random Variables
Rosenblatt transformation [28] has been widely used in statistics, reliability analysis, and

uncertainty analysis [2,5,29,30]. By Rosenblatt transformation, a non-normal variable is

transformed to a standard normal variable N(O,l). In this paper, adopting the same idea of

Rosenblatt transformation, we employ a transformation of a random variable to a normal variable

that follows a distribution of N (O%} The reasons for this transformation are: (1) to make all

the random variables have the same distribution of N (O%) and therefore ensure a symmetry

about zero, which is required by the dimension reduction method [26]; (2) to make the proposed

method suitable to any continuous distributions; and (3) to obtain a concise formula of Gauss-
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Hermite integration (GHI) for the moment estimation, since two exponential items will be

cancelled — one is from GHI and the other is from the PDF of a normal variable that follows

N (0%} . The concise formula will be shown in Section 3.4.

The proposed transformation function between the original random variable

X, (i=1---,n)and the normal variableU. ~ N (O%j is expressed as

u; =Ti (Xi) :%q)l[l:x, (Xi):l ) (5)

where @[] is the inverse function of the CDF of a standard normal variable; Fy () is the CDF

of random variable X,; x is a realization of X,; and u; is a realization of the normal variable,

U, ~ N( ;j The PDF of Uj is given by

1 e
fy, () "L (6)
and the CDF of U; is given by
FUi (u;) = (D(\/Eui)- (7)

For example, if Xi~N(uXi,c§<i), the transformation between U; and X, is

X, —
Ui =-I-i (Xi) — i l"lXi

\/EGXi '

Using the inverse transformation of Eq. (5), Eq. (4) can be rewritten as

EllgO0V} =" e[ ]} £, )y, (®)

where
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THU) =T ) T, )T ) 9)
in which T*() (i=1---n)is the inverse function of the transformation function in Eq. (5);

f,(u)is the joint probability density function of U and is given by

@ =T 1, @). (10)

3.3 Dimension Reduction
Dimension reduction is a technique of function approximation for the purpose of moment
estimation. It approximates an n-dimensional function by the summation of a series of, at most,

D-dimensional functions (D < n). In this paper, the bivariate dimension reduction (D = 2) is
used. Let Z(u)=2Z(uy,---u,) {g[T ]}J in Eq. (8). By the bivariate dimension reduction

method [26],

Z(u)=Z(u) =g(—1)‘ (”+ii—3)22i , (11)
where
Z,=2(0,--0), (12)
Z, 22(0 ,0,u,,0,--+,0) (k=1---n), (13)
and
z,=>.2(0,--,0,u,,0,---,0, u, ,0,---,0) , (14)

ki<ko

in whichk,,k, =12,---,n and k;, <k,. It is noted that Z, is a summation of n one-dimensional

functions and Z,is a summation of (g)two-dimensional functions. From Eqgs. (11) through (14),
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Z(u)is additively decomposed into functions of, at most, two variables; in other words, Z(u) is
approximated by a summation of functions of, at most, two variables. For example,

ifZ(u) =2Z(u,,u,,u,),the bivariate dimension reduction approximation of Z(u)is

Z(u) = f(u):Z(O,uz,u3)+Z(ul,O,u3)+Z(ul,u2,0)—Z(ul,O,O)—Z(O,uz,O)—Z(O,O,u3)+Z(0,O,O)
(15)

Xu and Rahman [26] have proved that z (u)in Eqg. (11) is an accurate approximation of
Z(u) by comparing the Taylor series expansions of both Z(u)and Z(U) at 0. Their conclusion is

that the second Taylor series expansion off(u) at 0 is more accurate than the second order

Taylor series expansion of Z(u)at 0. Interested readers can refer to [26] for more details.
Since f,(u) is the joint PDF of the n independent random variables of N(O,%j,

substituting Eq. (11) into Eq. (8) reduces the n-dimensional integral of Eq. (8) into a summation

of, at most, two-dimensional integrals,

6=z =YY (" Z s

i=0

:(”2‘1)2 j | ©2(0,+40,U,,0,+,0,u,,0,+-,0)f, (U ), (u,)du, du, (16)

ki<kp

+(—1)(nl_Z)anj._o;Z(O,--',0,uk,0,---,0)fuk (u.)du, +Z(0,---,0).

k=1
It is noted that Eq. (16) only involves two- and one-dimensional integrals. The
computational effort in numerically computing the two- and one-dimensional integrals in Eq. (16)
is less than that in evaluating the n-dimensional integral in Eq. (4) or Eq. (8). The formulas for

computational efforts will be given in Section 3.5.

3.4 Calculation of Moments by Gauss -Hermite Integration
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As shown in Section 3.3, the moment calculation in Eq. (16) only involves one- and
two-dimensional integrals. One term of the one-dimensional integrals in Eq. (16), without

leading coefficients, is given by
Inl :-[jo Z(O,"';orukro""ao)ka (uk)dukl K 6[1,2,"', n]' (17)

Gauss-Hermite integration (GHI) approximates the one-dimensional integral in Eq. (17)
by summing up some terms of the weighted integrand evaluated at, so-called, Gauss points

(abscissas) as follows [27],

1y =S W Z(0,+,0,U,,0,+0) , (U) =—=> W Z (0, 0,u,,0,---,0), (18)

T 1=
where r is the quadrature order (the number of abscissas); and u, and w, are abscissas (Gauss

points) and weights (Gauss weights), respectively, which are listed in Table 1 (forr =1, 2, 3 and

4). For more weight and abscissa information of higher quadrature orders, refer to [31].

Table 1 Weights and abscissas for Gauss-Hermite integration

Order (r)  Abscissa (u;) Weight (w;)

1 0 1.772453
2 +0.707107 0.886227
3 0 1.181635
+1.22474 0.295409
4 +0.524648 0.804914
+1.65068 0.081312

Similarly, the GHI formula for a two-dimensional integral in Eq. (16), without the

leading coefficients, is given by
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=] [ 2(0,+-0.u,,0,--0,u,,0,--,0)f, (u)f, (u,)du,du,,
Ve (19)
;(—J > > w,w, Z(0,+-0,,,0,--0,u, ,0,--0),
\/; =1 I,=1 v ' ’

where 1,,r,denote the quadrature order (the number of abscissas) used in the u, ,u, directions;

(u, ,u, ) are Gauss points; and w, ,w, are the corresponding weights.

3.5 Computational Effort

As mentioned previously, Eq. (16) is a summation of a series of one- and two-
dimensional integrals. The computational effort in computing all the one- and two-dimensional
integrals in Eq. (16) is generally much less than that in evaluating the original n-dimensional

integrals in Eq. (4) or Eq. (8). In this paper, three Gauss points per variable are employed for the

numerical integration. When the bivariate dimension reduction method is used, there are (2)

two-dimensional integrals and (f)one-dimensional integrals in Eq. (16), and the computational

effort can be measured by the number of function evaluations, which is given by

-1 3041 (20)

CE =(2)(3)2 +(f)(3)+1=

For a performance function with 10 random input variables, the total number of function
evaluations is 436. This is significantly less than that of the direct GHI, which is 3*° = 59049. It
should be noted that after the moments are obtained, the following Saddlepoint Approximations
for estimating CDF and PDF do not need to evaluate the performance function any more.

Therefore, Eq. (20) gives the total computational cost of the proposed method.
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4. Saddlepoint Approximations

Saddlepoint Approximations, originally introduced in the statistics literature by Daniels
[24], is an important and powerful tool for obtaining accurate PDF and CDF [32,33]. Discussions
and explanations of their applications for a range of distributional problems are given by Reid
[34], Goutis and Casella [35], and Huzurbazar [36]. Although the theory of Saddlepoint
Approximations is quite complex, simple formulas for calculation of CDF and PDF have been

derived; consequently, its use is fairly straightforward [36].

4.1 Cumulant Generating Function
Saddlepoint Approximations for estimating the CDF and PDF of Y rely on the Cumulant

Generating Function (CGF) of Y, which is defined as
K, () =log| [ &, (nay | (21)

where log is the natural logarithm, and f,(y) is the PDF of the random response Y. In

engineering practice, it is very difficult, or even impossible, to obtain the exact CGF of a
performance function from Eq. (21), due to the complicated response function Y = g(X) and the

unknown density function f, (y). Du and Sudjianto [12] proposed a method to estimate the CGF

of Y by approximating the g(X) using first order Taylor expansion at the Most Likelihood Point
(MLP). Their method relies on a unique MLP. If there are multiple MLPs, their method may not
give an accurate result.
In the proposed method, the power expansion of the CGF of Y is used. The power
expansion is given by [37]
0 t

&m:;mﬁ. (22)
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where x; are jth cumulant of Y. Wang [32] and Gatto and Ronchetti [38] proposed to use up to

the fourth cumulant item, and showed that the approximate form can yield remarkably good
results. In our work, the first four moments are calculated by the dimension reduction numerical
integration method, described in Section 3; and the first four cumulants are then obtained
through the relations between the cumulants and moments as follows [37],

K= /ul

= = "
Ky = My =34 + 244,

Ky = My — Ay = 3p" +124,11% — 61

(23)

where g (i = 1, 2, 3and 4) are the first four moments about zero. For higher order cumulants,
refer to [37]. The first four cumulant items, «,, x,, x,and «,, are then used to approximate the

CGF of Y in Eq. (22), and finally, the Saddlepoint Approximations are applied to obtain the CDF

and PDF of V.

4.2 Saddlepoint Approximations for Calculation of CDF and PDF
Once the CGF of Y is obtained, it is easy to approximate the CDF and PDF of the
performance function. Daniels [24] developed a simple formula for computing the PDF of the

random variable Y,

1
f (y) — ; 2 e[Kv (ts)-tsy] (24)
! 27K, (t,) '

where K, (-) is the CGF of Y; K, (-) is the second order derivative of the CGF of Y; and t; is the

saddlepoint, which is the solution to the equation,

Ky )=y, (25)
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where K, () is the first order derivative of the CGF.

Luannani and Rice [39] gave a very concise formula for calculating the CDF of Y,
11
F(y)=P{¥ < y}=<D(W)+¢(W)(W—;], (26)
where ®(-) and ¢(-) are the CDF and the PDF of the standard normal distribution, respectively,

w=sgn(t,) {2[ty - K, t)]}", (27)

and

1/2

V=t [KY (ts)] : (28)
where sgn(t,) = +1, -1 or 0, depending on whether the saddlepoint, ts, is positive, negative or

Zero.

When r cumulant terms are used, according to Eq. (22), the CGF of Y is given by

B it Kt
K, () =xt+ o 4+t "

(29)

Since an analytical formulation of CGF for the performance function exists, as in Eq.
(29), the use of Saddlepoint Approximations becomes straightforward. Because the CGF is in a
polynomial form in terms of variable t, an analytical solution of the saddlepoint and the
derivatives of the CGF can be easily obtained. From Egs. (25) and (29), the equation for the

saddlepoint is derived as

j-1

KO =+ Dy = (30)

Solving Eq. (30), we obtain the saddlepoint t,

The CGF and its second order derivative at the saddlepoint ts are then given by
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Lo tf
Kv(ts):_ ﬁ (31)

i=1
and

j-2

K () =, +§Kj (jts_ i (32)

respectively.

Thereafter, PDF and CDF can be calculated by Eqgs. (24) and (26), respectively.

During the numerical calculations, two problems may arise. One is that Eqg. (30)
possesses r-1 roots and the saddlepoint solution may have multiple real values. This problem was

properly considered by Wang [32], who proposed a simple modification to Eqg. (30) to ensure
that the approximate K, (t) is monotonically increasing. The other problem is the singularity

problem, when a square root of a negative value occurs in Egs. (27) and (28). This problem can

be overcome by reversing the sign of the performance function.

5. Examples

In this section, one mathematical example and two engineering problems are presented to
demonstrate the effectiveness of the proposed method. For the two engineering problems, the
bivariate dimension reduction method is employed to approximate the performance function for
calculating moments, and three Gauss points per variable are used for numerical integration of
moment generation after the dimension reduction. Comparisons are made with FORM, SORM

and MCS to evaluate the accuracy and efficiency of the proposed method, whenever necessary.

Example 1: A Mathematical Problem

Consider a performance function with n independent random variables [10] given by
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Y=g(X)=4Lt ——, (33)

where X; are random variables following standard exponential distributions with the PDF,
f (%) =e"". (34)
This example is selected because Y is gamma-distributed, hence a theoretical solution
exists. FORM, SORM, and the proposed method are used to estimate the CDF of the
performance function, Y = g(X), over a range of [-3.5, 4.0] for two cases: n = 4 and n =20. The
results from FORM and the proposed method, and the exact theoretical solutions are depicted in
Figs. 2 and 3, respectively. SORM encountered singularity in the left tail of the distribution;
therefore, the results from SORM are not included here. For both cases, the results of the
proposed method match the exact solution uniformly over the whole range of [-3.5, 4.0]. The
accuracy of FORM is not acceptable. The inaccuracy comes from the fact that after the
transformation from exponential variables to standard normal variables, the original linear

function in Eq. (33) becomes a highly nonlinear function [12].

Insert Figure 2 here.

Insert Figure 3 here.

Since, for this simple problem, analytical (closed-form) solutions are available for the

MPP, the cumulents, and the saddlepoint, no comparison is made for the efficiency. We will

compare the efficiency in the following two engineering examples.
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Example 2: Burst Margin of Disk

The burst margin, My, of a disk is defined as [40]

[ fS

2r\
\/3x385.82§(N 60] (R*-R})(R-R,)

Y=M,=9(X)= : (35)
where X = [f, S, 5, N, R, R,]"; and in which f is the material utilization factor, S is the

ultimate tensile strength, ¢ is the density, N is the rotor speed, R is the outer radius, and Ry is the

inner radius. Their distributions are shown in Table 2.

Table 3 shows the estimated moments about zero,/jj =E{[g(X)]j},j:1,2,3 and 4, of

the performance function from the dimension reduction technique used in the proposed method
and MCS with 1,000,000 simulations. The results indicate that the proposed method provides

very accurate estimations.

Table 2 Distribution details of random variables

Variable Distribution Parameter 1 Parameter 2
F Weibull 0.958 25.508

S Normal 220000 Ib/in 5000 Ib/in?
P Uniform 0.28 Ib/in® 0.30 Ib/in®
N Normal 21000 rpm 1000 rpm

R Normal 24 in 0.5in

Ro Normal 8in 0.31in

" Parameter 1 is the scale parameter for Weibull distribution, the mean for normal
distribution, and the lower bound for uniform distribution, respectively.

* Parameter 2 is the shape parameter for Weibull distribution, the standard deviation for
normal distribution, and upper bound for uniform distribution, respectively.
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Table 3 Estimated moments about zero of My, from the proposed method and MCS

Moment Proposed method Monte Carlo simulation
1% 2.50788x10™ 2.50796x10™
2" 6.32468x10%° 6.32518x10%°
3" 1.60399x10 1.60419x10™
4" 4.09072x107° 4.09148x107"°

Table 4 and Table 5 give the probabilities of M, < 3.2x10° and M, < 2.6x107,
respectively, and the corresponding computational effort of FORM, SORM, the proposed
method, and MCS. Since a sufficiently large number of simulations is used, the result of MCS is
considered an accurate reference. The number of function evaluations used by FORM and
SORM include the finite difference derivative calculation and the MPP search. For this problem,
FORM, SORM and the proposed method provide accurate results for the case of My < 3.2x107.
However, for the case of My < 2.6x107, where the estimated probability is smaller, FORM and
SORM are much less accurate than the proposed method. SORM is more accurate than FORM
because SORM uses curvature information at the MPP. This phenomenon from Tables 4 and 5
conform to the fact that SORM is asymptotically accurate [10]. The proposed method is more
efficient than FORM and SORM, since the number of function evaluations is less than that of

FORM or SORM.

Table 4 Probability of My < 3.2x10"° and computational effort

FORM SORM Proposed method MCS
P{Mj < 3.2x10'5} 0.99932 0.99941 0.99948 0.99940
Function evaluations 262 297 154 1,000,000
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Table 5 Probability of My < 2.6x10™° and computational effort

FORM SORM Proposed method MCS
P{M, < 3.2><10'5} 0.68808 0.69369 0.69947 0.69954
Function evaluations 264 299 154 1,000,000

Insert Figure 4 here.

Figure 4 shows the CDFs of M, obtained from the proposed method and from MCS with
1,000,000 simulations. It is noted that the two CDF curves are nearly identical to each other over
the entire range. The curves of the corresponding PDFs of My are also almost indistinguishable

as shown in Fig. 5.

Insert Figure 5 here.

If FORM or SORM were used to generate the CDF or PDF curve, the MPP at each
realization of Y (each of the dot points in Fig. 4 or Fig. 5) would be identified first. Assuming
that the computational cost were the same at each point as that at point y = 3.2x10, which is 262
or 297 (see Table 4) for FORM or SORM, respectively, since there are 41 points in Fig. 4 or Fig.
5, the total number of function evaluations by FORM or SORM would be 262x41=10742 or
297x41=12177, respectively. Therefore, the proposed method is much more efficient than

FORM or SORM, in generating CDF and PDF curves.
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Example 3: An | Beam

An | beam [40], depicted in Fig. 6, is used to further demonstrate the effectiveness of the

new method.

Insert Figure 6 here.

The performance function is given by

Y=9g(X)=0,,—-S,

where
_Pa(L-a)d

O-max '
2L 1

and
bfd3 _(bf _tw)(d _th )3
12 '

(36)

(37)

(38)

The eight random variables are X =[P, L, a, S, d, b,, t,, t,]" . Table 6 provides

the distribution information of all eight random variables.

Table 6 Distribution information of random variables

Variable Type Mean Standard deviation

P Normal 6070 200
L Normal 120 6

a Normal 72 6

S Normal 170000 4760
d Normal 2.3 1/24
b, Normal 2.3 1/24
t, Normal 0.16 1/48
t, Normal 0.26 1/48
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Table 7 shows the estimated moments about zero, ; = E{[g(X)]'}, j =1,2,3 and 4, from

the proposed method and from MCS with 1,000,000 simulations. It is noted that all four

moments calculated by the proposed method are very close to those from MCS.

Table 7 Estimated moments about zero of Y

Moment Proposed method MCS
1% -1.98188x10" -1.98176x10"
2" 7.13728x10° 7.14110x10°
3" -2.74970%x10" -2.75457x10"
4" 1.30143x10"® 1.30720x10"®

Table 8 gives the probability Y < 0.0 (the reliability) and the computational effort of
FORM, SORM, the proposed method, and MCS. Again, the result of MCS is considered an
accurate reference, since a sufficiently large number of simulations (10°%) is used. The results in

Table 8 indicate that the proposed method provides a more accurate solution than FORM or

SORM.
Table 8 Probability of Y < 0.0 and computational effort
FORM SORM Proposed method MCS
P{Y < 0.0} 0.8558 0.8658 0.8716 0.8711
Function evaluations 171 225 277 1,000,000

The estimated CDF and PDF curves of Y are shown in Fig. 7 and Fig. 8, respectively.

The proposed method provides CDF and PDF results as accurate as those from MCS.

Insert Figure 7 here.
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Insert Figure 8 here.

6. Conclusions

The method of dimension reduction integration and Saddlepoint Approximations
estimates a response distribution function through the CGF of the response with the first four
moments, whose accuracy and efficacy is the key to overall performance of the proposed method.
To achieve an accurate and efficient approximation, the proposed method involves a dimension
reduction numerical integration technique for calculating moments of a response and Saddlepoint
Approximations for estimating CDF and PDF of the response. This method does not have many
of the restrictions that existing methods have, such as the existence and search of the unique
MPP, and gradient calculation. The new method can provide very accurate moments as well as
PDF and CDF curves over the whole range of the distribution. In the two engineering example
problems, the method produced accurate results with significantly reduced computational costs
compared to MCS with a large number of simulations (10°). Results also indicate that the
proposed method is generally more accurate than FORM and SORM, and much more efficient
for distribution generation. Since there is no need for derivative information, the proposed
method is suitable to the situation where the derivative of a response function is difficult to
obtain or the derivative does not exist. Because of its good features, the proposed method is an
alternative to FORM or SORM when: 1) the performance function does not have a derivative, 2)

the MPP is hard to identify, 3) there are multiple MPPs, or 4) the probability is close to the
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median where FORM or SORM cannot provide accurate solutions. The method can also replace
MCS when: 1) the CDF (or reliability) is extremely high, or 2) the number of random variables is

not large. It should be noted that the computational costs will increase when the number of
. . . . 9n(n-1)
random variables, n, becomes large, since the total computation cost is T+3n +1 (Eq.

(20)). In this case, MCS may be the method of choice if the CDF to be evaluated is not high. To
improve the efficiency of the proposed method when there are many variables, variable-
screening by Design of Experiments can be used to eliminate unimportant random variables.
Finally, the accuracy of the proposed method can be further improved with increased cost, such

as applying higher-variate dimension reduction [26] or higher-order Gauss-Hermite quadrature.

Acknowledgements
The support of National Science Foundation grant DMI — 040081, University of Missouri

Research Board grant 943, and UMR Intelligent Systems Center is gratefully acknowledged.

References

[1] Haldar, A., and Mahdevan, S., 2000, Probability, Reliability, and Statistical Methods in
Engineering Design, John Wiley and Sons.

[2] Youn, B.D., and Choi, K.K., 2004, “An Investigation of Nonlinearity of Reliability-Based
Design Optimization Approaches,” ASME Journal of Mechanical Design, 126(3), pp. 403-
411.

[3] Du, X., Sudianto, A., and Chen, W., 2004, “An Integrated Framework for Optimization
Under Uncertainty Using Inverse Reliability Strategy,” ASME Journal of Mechanical
Design, 124(4), pp. 562-570.

[4] Taguchi G., 1993, Taguchi on Robust Technology Development: Bringing Quality
Engineering Upstream, ASME, New York.

MD-05-1025 Huang and Du 25


http://www.amazon.com/exec/obidos/tg/detail/-/0471331198/qid=1080854573/sr=1-1/ref=sr_1_1/102-7585714-1707319?v=glance&s=books
http://www.amazon.com/exec/obidos/tg/detail/-/0471331198/qid=1080854573/sr=1-1/ref=sr_1_1/102-7585714-1707319?v=glance&s=books

[5]

[6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Du, X., and Chen, W., 2000, “Towards a Better Understanding of Modeling Feasibility
Robustness in Engineering Design,” ASME Journal of Mechanical Design, 122(4), pp.
385-394.

Du, X., and Chen, W., 2004, “Sequential Optimization and Reliability Assessment for
Probabilistic Design,” ASME Journal of Mechanical Design, 126(2), pp. 225-233.
Creveling, C.M., Slutsky, J.L., and Antis, D., 2003, Design for Six Sigma: In Technology
and Product Development, New Jersey, Prentice Hall.

Nikolaidis, E., Chen, S., Cudney, H., Hatftka, R.T., and Rosca, R., 2004, “Comparison of
Probability and Possibility for Design Against Catastrophic Failure Under Uncertainty,”
ASME Journal of Mechanical Design, 126(3), pp. 386-394.

Hasofer, A.M., and Lind, N.C., 1974, “Exact and Invariant Second-Moment Code Format,”
ASCE Journal of the Engineering Mechanics Division, 100(EM1), pp. 111-121.

Breitung, K., 1984, “Asymptotic Approximations for Multinomial Integrals,” Journal of
Engineering Mechanics, 110(3), pp. 357-367.

Hohenbichler, M., Gollwitzer, S., Kruse, W., and Rackwitz, R., 1987, “New Light on First-
and Second-Order Reliability Methods,” Structural Safety, 4, pp. 267-284.

Du, X., and Sudjiano, A., 2004, “The First Order Saddlepoint Approximation for
Reliability Analysis,” AIAA Journal, 42(6), pp. 1199-1207.

Jin, R, Du, X., and Chen, W., 2003, “The Use of Metamodeling Techniques for Design
under Uncertainty,” Structural and Multidisciplinary Optimization, 25(2), pp. 99-116.
Isukapalli, S.S., and Georgopoulos, P.G., 1998, “Stochastic Response Surface Methods
(SRSMs) for Uncertainty Propagation: Application to Environmental and Biological
System,” Risk Analysis, 18(3), pp. 351-363.

Adhikari, S., and Langley, R.S., 2002, “Reduction of Random Variables in Structural
Reliability Analysis,” 3rd International Conference on Mathematical Methods in Reliability
Methodology and Practice, Trondheim, Norway, June 17-20, 2002.

Du, X., and Sudjianto, A., 2004, “A Saddlepoint Approximation Method for Uncertainty
Analysis,” Proceedings of DETC'04: ASME 2004 Design Engineering Technical
Conferences and Computers and Information in Engineering Conference, Salt Lake City,
Utah, September 28-October 3, 2004.

MD-05-1025 Huang and Du 26


http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JMDEDB000126000002000225000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JMDEDB000126000002000225000001&idtype=cvips

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

Papadrakakis, M., and Lagaros, N.D., 2002, “Reliability-Based Structural Optimization
Using Neural Networks and Monte Carlo Simulation,” Comput Methods Appl Mech Engr,
191(32), pp. 3491-3507.

Moarefzadeh, M.R., and Melchers, R.E., 1999, “Directional Importance Sampling for IlI-
Proportioned Spaces,” Structural Safety, 21(1), pp.1-22.

Dey, A., and Mahadevan, S., 1998, “Ductile Structural System Reliability Analysis Using
Adaptive Importance Sampling,” Structural Safety, 20(2), pp.137-154.

Mckay, M.D., Conover, W.J., and Beckman, R.J., 1979, “A Comparison of Three Methods
for Selecting Values of Input Variables in the Analysis of Output from a Computer Code,”
Technometrics, 21(2), pp. 239-245.

Rosenblueth, E., 1981, “Point Estimates for Probability Moments,” Applied Mathematics
Modeling, 5, pp. 329-335.

Zhao, Y.G., Alfredo, H.S., and Ang, H.M., 2003, “System Reliability Assessment by
Method of Moments,” ASCE Journal of Structural Engineering, 129(10), pp. 1341-1349.
Seo, H.S., and Kwak, B.M., 2002, “Efficient Statistical Tolerance Analysis for General
Distributions Using Three-Point Information,” International Journal of Production
Research, 40(4), pp. 931-944.

Daniels, H.E., 1954, “Saddlepoint Approximations in Statistics,” Annals of Mathematical
Statistics, 25, pp. 631-650.

Rahmian, S., and Xu, H., 2004, “A Univariate Dimension-Reduction Method for Multi-
Dimensional Integration in Stochastic Mechanics,” Probabilistic Engineering Mechanics,
19, pp. 393-408.

Xu, H., and Rahman, S., 2004, “A Generalized Dimension-Reduction Method for
Multidimensional Integration in Stochastic Mechanics,” International Journal for
Numerical Methods in Engineering, 60(12), pp. 1992-2019.

Davis, P.J., and Rabinowitz, P., 1983, Methods of Numerical Integration, 2" Edition,
Academic Press Inc. (London).

Rosenblatt, M., 1952, “Remarks on a Multivariate Transformation,” Annals of
Mathematical Statistics, 23, pp. 470-472.

MD-05-1025 Huang and Du 27



[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

Wang, L., and Grandhi, R.V., 1995, “Structural Reliability Optimization Using an Efficient
Safety Index Calculation Procedure,” International Journal for Numerical Methods in
Engineering, 38(10), pp. 1721-1738.

Mohanty, S., and Wu, Y.-T., 2001, “CDF Sensitivity Analysis Technique for Ranking
Influential Parameters in the Performance Assessment of the Proposed High-Level Waste
Repository at Yucca Mountain, Nevada, USA,” Reliability Engineering & System Safety,
73, pp. 167-176.

Beyer, W.H., 1991, CRC Standard Mathematical Tables and Formulae, 29th Edition, CRC
Press.

Wang, S., 1992, “General Saddlepoint Approximations in the Bootstrap,” Statistics &
Probability Letter, 13, pp. 61-66.

Kuonen, D., 2001, Computer-Intensive Statistical Methods: Saddlepoint Approximations
with Applications in Bootstrap and Robust Inference, PhD thesis, Swiss Federal Institute of
Technology.

Reid, N., 1988, “Saddlepoint Methods and Statistical Inference (with Discussion),”
Statistical Science, 3, pp. 213-238.

Gouits, C., and Casella, G., 1999, “Explaining the Saddlepoint Approximation,” The
American Statistician, 53(3), pp. 216-224.

Huzurbazar, S., 1999, “Practical Saddlepoint Approximations,” The American Statistician,
53(3), pp. 225-232.

Kendall, M.G., and Stuart, A., 1958, The Advanced Theory of Statistics Volume 1:
Distribution Theory, London: Charles Griffin & Company Ltd.

Gatto, R. and Ronchetti, E., 1996, “General Saddlepoint Approximations of Marginal
Densities and Tail Probabilities,” Journal of the American Statistical Association, 91(433),
pp. 666-673.

Lugannani, R., and Rice, S.0., 1980, “Saddlepoint Approximation for the Distribution of
the Sum of Independent Random Variables,” Advances in Applied Probability, 12, pp. 475-
490.

Wang, L., Beeson, D., and Wiggs, G., 2004, “Efficient and Accurate Point Estimate
Method for Moments and Probability Distribution,” 10th AIAA/ISSMO Multidisciplinary
Analysis and Optimization Conference, August 30 - September 1, 2004, Albany, New York.

MD-05-1025 Huang and Du 28



Listing of figure captions
Figure 1 Procedure of the proposed method
Figure 2 CDF of Y obtained by various methods when n = 4
Figure 3 CDF of Y obtained by various methods when n = 20
Figure 4 CDF of the burst margin of disk
Figure 5 PDF of the burst margin of disk
Figure 6 An | beam
Figure 7 CDF of Y

Figure 8 PDF of Y

Listing of table captions
Table 1 Weights and abscissas for Gauss-Hermite integration
Table 2 Distribution details of random variables
Table 3 Estimated moments about zero of My, from the proposed method and MCS
Table 4 Probability of My < 3.2x107° and computational effort
Table 5 Probability of My < 2.6x10™° and computational effort
Table 6 Distribution information of random variables
Table 7 Estimated moments about zero of Y

Table 8 Probability of Y < 0.0 and computational effort

MD-05-1025 Huang and Du 29



	Department of Mechanical and Aerospace Engineering
	University of Missouri – Rolla
	Department of Mechanical and Aerospace Engineering
	University of Missouri – Rolla

