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SUMMARY

In reliability analysis and reliability-based design, sensitivity analysis identifies the
relationship between the change in reliability and the change in the characteristics of
uncertain variables. Sensitivity analysis is also used to identify the most significant
uncertain variables that have the highest contributions to reliability. Most of the current
sensitivity analysis methods are applicable for only random variables. In many
engineering applications, however, some of uncertain variables are intervals. In this
work, a sensitivity analysis method is proposed for the mixture of random and interval
variables. Six sensitivity indices are defined for the sensitivity of the average reliability
and reliability bounds with respect to the averages and widths of intervals, as well as
with respect to the distribution parameters of random variables. The equations of these
sensitivity indices are derived based on the First Order Reliability Method (FORM).
The proposed reliability sensitivity analysis is a byproduct of FORM without any extra
function calls after reliability is found. Once FORM is performed, the sensitivity

information is obtained automatically. Two examples are used for demonstration.



1. INTRODUCTION

In reliability analysis [1~3] and reliability-based design [4~7], sensitivity analysis
provides information about the relationship between reliability and the distribution
parameters of a random variable. Sensitivity analysis can therefore identify the most
significant uncertain variables that have the highest contribution to reliability. When
only random variables are involved, sensitivity analysis is usually performed for the
probabilistic characteristics of a limit-state function, such as its moment, probability
density function, and reliability. Such sensitivity analysis is usually named probabilistic
sensitivity analysis (PSA). Various PSA approaches have been reported in a wide range
of literature, including differential analysis [8, 9], variance-based methods [10], and
sampling-based methods [10]. These types of probabilistic sensitivity analysis are
briefly reviewed below.

(1) Differential analysis (probability sensitivity coefficient)

The probability-based sensitivity measure is defined as the rate of change in a
probability (P) (reliability or the probability of failure) due to the change in a
distribution parameter (qg,) of a random input, namely oP/dq,. OP/dg, can be
calculated by the finite difference method given by [2]:

Sq. — P(q| + Aqi)_ P(q|) (l)
i Aq

where @, is a distribution parameter, such as the mean or the variance of a random
variable; Aq;is a small step size of g, .
Various probability sensitivity measures have been proposed in literature [11~14].

Wu [11] and Wu and Mohanty [12] propose a normalized cumulative density function
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(CDF)-based sensitivity coefficient for the probability of failure with respect to the

distribution parameters of random variables. The sensitivity is defined by:

Sq.zapf/pfzjm g o (X)| f(X) dX:E[qian(X)} @
'+ ag /g 5 fx(X) o, P, £, (X)oq; |,

where f, is the joint probability density function of all random variables, p; is the
probability of failure, X is a vector of random variables, and Q denotes the failure
region. The calculation of this sensitivity measure involves evaluating a
multidimensional integral. A sampling method is usually used to estimate this integral,
which makes this method computationally expensive. Mavris et al. [13] extend Wu’s
method to evaluate the sensitivity of any probabilistic characteristics, such as the
variance and mean of a limit-state function.

Another sensitivity measure related to reliability is the Most Probable Point (MPP)
based sensitivity coefficients [14], defined as the gradient of a limit-state function at the
MPP in the standard normal space, normalized by the reliability index. Let G be a
response calculated by a limit-state function G =g(X), where X is the vector of
random variables. After X is transformed into standard normal random variables U, the
MPP, u’ :(uf,u;,---,u:x), the shortest distance point from the limit state g(U)=c,
where c is a limit state, to the origin O is identified. (The equation for the MPP search
will be given in Eq. (4).) The sensitivity of reliability with respect to the ith random

variables is then calculated by

(3)

where g is the magnitude of u” or the reliability index. For the MPP-based reliability



analysis, the probability sensitivity coefficient does not require any additional
computational efforts after the MPP is found. The sensitivity coefficient S, is just a
byproduct of reliability analysis.
(2) Variance-based methods

Variance-based sensitivity analysis methods rely on the decomposition of the
variance of a response into items contributed by various sources of input variations
[Comment 1-17]. These sources can be classified into two types: main effects and total
effects. A main effect refers to the effect of only one random variable, while a total
effect is used to include both the individual effect of a random variable and the
interaction of the random variable with other random variables. Although the methods
provide a global sensitivity measure, their major limitation is that a variance is assumed
to be sufficient to describe the uncertainties encountered. This type of methods may
lose accuracy when the variance is not a good measure of the distribution dispersion,
such as in the case where a response distribution has high skewness and kurtosis [15].
(3) Sampling methods

Sampling approaches, such as Monte Carlo sampling for sensitivity analysis,
usually involve three steps: (1) generating samples for uncertain input variables; (2)
numerically evaluating a limit-state function and then obtaining samples of response
variables; (3) statistically analyzing responses and quantifying their uncertainties, and
then exploring the effects of the uncertainty of input variables on responses. Sampling
methods are easy to use but computationally expensive when reliability is high.

Because the probability of failure is low in this case, a large number of samples are



required to capture a failure event.

The current PSA methods handle only random variables that are assumed to follow
certain probability distributions. However, in many engineering applications, the
information or knowledge might be too insufficient to build probability distributions.
As discussed in [16, 17], uncertainty is sometimes represented by intervals due to the
lack of knowledge. One example is that the true contact resistance in the vehicle
crashworthiness design is hard to know; an interval is then used based on the engineers’
best judgment [18]. Another example is in a new design. It is difficult to determine the
precise distribution of design variables, such as dimensions. Engineers often define
their design variables in the form of nominal values plus and minus certain tolerances,
like 10£0.01mm. More examples of intervals can be found in [4, 16]. Sometimes even
though a variable is random and follows a non-uniform distribution, only one interval
estimate is available due to limited information or sparse samples. In this case,
assigning an assumed distribution to the variable may lead to erroneous results [19].
When intervals are involved, the current PSA methods are no longer applicable.

Several methods of dealing with only interval variables have been reported for
reliability analysis and reliability-based design [17, 20~34]. A few sensitivity analysis
methods [35~38] for epistemic uncertainty (uncertainty due to the lack of knowledge)
are potentially capable of dealing with interval variables. These methods use intervals
to represent epistemic uncertainty. For example, a sensitivity analysis approach on the
basis of belief and plausibility measures is proposed by Bae, et al [35, 36]. The results

of this approach can help guide the data collection to improve the accuracy of



reliability analysis and distinguish the dominant contributors of uncertainty. A
sampling-based sensitivity analysis method is developed by Helton, et al [37]. It
consists of three steps: an initial analysis to explore the model behavior, a stepwise
analysis to indicate the effects of uncertain variables on belief and plausibility functions,
and a summary analysis to show a series of variance-based sensitivity analysis results.
Considering the complexity of the mixture of aleatory and epistemic uncertainties, Guo
and Du [38] propose an approach to conduct sensitivity analysis with this mixture. In
their method, the most important epistemic variables are captured under the framework
of the unified uncertainty analysis.

All of the above methods are capable of identifying the most significant interval
variables, but they have some limitations. For example, it is difficult to use them to
obtain information about how individual intervals impact reliability, especially how
reliability bounds will change after narrowing interval bounds. In this work, we
propose a sensitivity analysis method to handle the situation where both interval
variables and random variables are involved. The intervals are treated as is without any
distribution assumptions. With this method, we attempt to answer the following
questions:

1) How will the width of the reliability bounds change if the width of an interval
is reduced or if the average of the interval is changed?

2) How will the average reliability change if the width of an interval is reduced
or if the average of the interval is changed?

3) How will the width of the reliability bounds change if a distribution parameter



of a random variable is changed?
4) How will the average reliability change if a distribution parameter of a
random variable is changed?

The answers to the above questions will provide useful information about
improving reliability and reducing the impact of intervals and random variables on
reliability. Hence, six sensitivity indices are proposed for answering these questions.
Equations for the sensitivity indices are then derived and corresponding computational
procedures are developed. The calculation of sensitivity indices requires searching the
minimum and maximum reliability, or the probabilities of failure, over the intervals. To
alleviate the computational burden, we use an efficient FORM-based unified reliability
analysis framework [39].

This paper is organized as follows: Sec. 2 provides a brief review of the unified
reliability analysis. In Sec. 3, the six sensitivity indices are defined, and the equations
for calculating these sensitivity indices are derived. In Sec. 4, two engineering
examples are used to illustrate the proposed method. Conclusions and future work are

summarized in Sec. 5.

2. UNIFIED RELIABILITY ANALYSIS
Reliability analysis is one of the main steps of reliability sensitivity analysis. The
proposed sensitivity analysis is based on the First Order Reliability Method (FORM)
[40, 41] which is applicable for random variables, and the unified reliability analysis

(URA) [39], which is applicable for the mixture of random and interval variables. Both



methods are briefly reviewed in this section.
2.1. Reliability analysis

In the reliability analysis where only random variables X are involved, reliability is
defined by

R=Pr{G=9g(X)>c}=1-Pr{G=9g(X)<c}=1-p; 4)

where Pr{} denotes a probability, G is a response, c is a specific limit state,
X =(X,X,, -+ X, X,,) is a vector of random variables, g is a performance
function, also called a limit-state function [42], and p, is the probability of failure.

If the joint probability density function (PDF) of X is f, , the probability of failure

p, is calculated by

p, =PHG=g(X)<c}= [ f,()dx 5)

g(X)<c

The limit-state function g(X) is usually a nonlinear function of X; therefore, the
integration boundary is nonlinear. Since the number of random variables is usually high,
multidimensional integration is involved. There is rarely a closed-form solution to Eq.
(5). The First Order Reliability Method (FORM) is widely used to easily evaluate the
integral in Eq. (5).

FORM involves three steps to approximate the probability integral: 1) transforming
original random variables X into standard normal random variables U, 2) searching for

the Most Probable Point (MPP), and 3) calculating p;, .

Step 1: Transformation, which is given by

u = {F, (x)} (6)



where F, is the CDF of X;, and ®'is the inverse CDF of a standard normal
distribution.

Step 2: MPP search, where the MPP u” is identified by
min U]

st. g(U)=c

7)

in which | stands for the magnitude of a vector. Geometrically, the MPP is the
shortest distance point from the limit state g(U)=c to the origin in U-space. The
minimum distance S = ||u|| is called the reliability index.
Step 3: Estimation of p, , which is given by
Py =P(=p) (@)
where @ is the CDF of a standard normal distribution.
The most computationally intensive work of FORM is the MPP search. The

following recursive algorithm [43] is used for the MPP search,

W _ gy, 9UY)
N T .
4O = g0 YIU“Y)

o™

where Vg(u®)is the gradient of g at u®, ||Vg(u(k))|| is its magnitude, and k is the
iteration counter,
2.2. Unified reliability analysis (URA)

When both random and interval variables are present, random variables X are
characterized by probability distributions while interval variables Y reside on [y',y"].
The unified uncertainty analysis framework and computational method proposed in [39]

is applicable to handle this situation. As shown in [39], the cumulative distribution
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function (CDF) of the response G = g(X, Y) has its upper and lower bounds, and so
does reliability Pr{G > c}. The unified reliability analysis (URA) [39] is used to find the
reliability bounds.

The URA framework is illustrated in Figure 1. The inputs to the framework are
random variables X defined by a joint PDF and interval variables Y. The outputs are

CDF bounds and reliability bounds.

Figure 1. The unified reliability analysis framework

The set of intervals Y is denoted by A,, and the event of failure is defined
by g(X,Y) <c. According to [39], the upper and lower bounds of the probability of

failure, pYand p;, are calculated by
Py =Pr{G, (X,Y)<c|Y eA,| (10)
and
P} =Pr{G,,(X,Y)<c|YeA,| (11)
respectively. G,,,and G, are the global minimum and maximum values, respectively,
of Gover A,.
The evaluation of the upper and lower bounds of the probability of failure is

essentially the evaluation of the minimum and maximum CDF of the limit-state

function. Therefore, traditional probabilistic analysis methods can be used for the
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unified reliability analysis (URA). The First Order Reliability Method (FORM) is
employed for the URA.

Figure 2 depicts the numerical procedure of the URA method. The procedure
involves two types of analysis. The first one is probabilistic analysis (PA), which is
responsible for the MPP search and the calculation of the probability of failure. The
second one is interval analysis (IA), which is responsible for the search of the
maximum and minimum values of G. The direct combination of PA and IA will involve
a double loop procedure, where PA is an outer loop and IA is an inner loop. For
example, to find the lower bound of p,, at every iteration of the MPP search in the
outer loop, interval analysis inner loops will be called to find the maximum G in terms
of Y. This method is inefficient due to the double-loop procedure. The efficient
computational method is then developed in [44]. The method involves an efficient
sequential single-loop procedure, where PA is decoupled from IA. The flowchart of this
efficient procedure is shown in Figure 2 for the p; calculation. The solution is the
MPP where G is maximized. The MPP for p! is then named u™"in this paper. And

the MPP for the maximum probability of failure p! is called u™ .

Figure 2. Flowchart of sequential single-loop procedure for p' calculation
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The probability Pr{GmaX(X, Y)< c|Y € AY} in EQ. (10) is then computed by

Pr{G (X.Y)<c|Y €A, } =®(-p) =0 (-||u"

max ) (12)

For the p! calculation, the model of the MPP search is the same as in Figure 2

except that IA becomes a minimization problem.

3. RELIABILITY SENSITIVITY ANALYSIS
When only random variables are involved, reliability sensitivity analysis is used to
find the rate of change in the probability of failure (or reliability) due to the changes in
distribution parameters (usually means and standard deviations). When both random

variables and interval variables are involved, reliability analysis will generate two

bounds of reliability or of the probability of failure p, . The gap between the maximum
probability of failure p} and the minimum probability of failure p: represents the
effect of interval variables on the probability of failure. In addition to the traditional
sensitivity analysis in terms of random variables, sensitivity analysis in terms of
interval variables is also needed. In this work, six types of sensitivity are proposed with
respect to both random variables and interval variables. The proposed sensitivity

indexes are summarized in Table | .

Insert Table | here

3.1. Type | sensitivity 06,/09,
00,100, s the sensitivity of the width of the p, bounds, &, with respect to the

interval width of the ith interval variableY;, o,. &, is defined by
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S, = P; — P (13)

p

The width of Y; is calculated by
S =Y -V (14)
where y- andy,’ are the lower and upper bounds of y,, respectively.

To obtain a unique sensitivity index, we define the change of 5,,A(5;) in such a

way that Y, expands in both directions equally; namely, y- is decreased by

@amd y- is increased by @.There are infinite ways that Y, can change by
A(S) , for example, [y-,y;] can change to [yf—%,y}’ +@} or

|:yiL _m yU + 3A(5i)

PRRL } . Our definition makes the change unique.

This type of sensitivity can identify interval variables that have the largest impact

on the width of the p, bounds. If the gap of the p, bounds is too wide, decisions will
be difficult to make. To narrow the width of p, bounds efficiently, more information
about the important interval variables should be collected, and then their widths can be
reduced. Sensitivity analysis will provide a useful guidance to the collection of more

information.

To derive the equations for 95,/00;, we consider all the situations where the
maximum or minimum p, occurs on the lower bound, upper bound, or at an interior
point of Y, . Next we demonstrate how to derive 06,/05, when the maximum p,
occurs on the upper bound of Y, and the minimum p, occurs on the lower bound of

Y, . The derivations of other cases are given in Appendix B, and the common equations

used in derivations are given in Appendix A.
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The problem can be stated as:

s G = i [
Given: G = g(X, Y), Y, =Y, Yo, .Y, i Yy )y Y :#, p; occurs at

y-,and p; occursat y'.

Find: 06,/06; .

1(opy op;
T2l oyt

op? opt
Pt and Pt

o; oy

then need to be calculated. In this case, the MPP’s of p; or

p; are onone bound of Y, . Leth be the boundand p, be p; orp; .Then,

opy PPN, OB
= B (16)

where ¢(-) is the PDF of a standard normal distribution. Next, we will show how to

calculate %
oh

Let the MPP be u” = (ulu2 u’ ) and the corresponding intervals Y be y. In the

X

U-space after Xare transformed into U, the limit-state function becomes g(U,Y),
and at the MPP the limit-state function is g(u’,y), where y is the vector of Y at the

MPP. Let Vg(u') be the gradient of g(U,Y) in terms of U at the MPP; namely,
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99
¥y ou,

* 1

8U J For brevity, without losing generality, we

vg(u') = (au

will drop Y or y in the limit-state function expression in the following derivations. At

the MPP, the following equation holds [40, 41],

(17)

Vg(u*) is the unit vector of the gradient, and the gradient is calculated at the

MPP, therefore a constant. Then,

o, __op vl (18)
oh  oh [vg)|

Recall that y, is on one bound h of the interval variable Y, at the MPP, where

G =g(u’,h) reaches the limit state and hereby becomes a constant. Then

Z O, D (19)
T oU, 6h 6h
Therefore, Eq. (19) becomes
2
$00 U 00 09| 9f UM | g aﬁ.zll(au J L

50U, oh oh Sau,| an| oh o [veW)] ah (o)
0
We then obtain
a9
9B ___oh 21
oo .

Substituting 4 /oh in Eq. (16) with Eq. (21) yields
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a9

4 oh
¢(=5) Mo

0
2 h-p)

_ —¢(-B) a9
~ (22)

BZICSED

P
oh

Using the results from Eqgs.(22) and (15), we get the equation of Type | sensitivity

max

when pT™ occurs on the upper bound of Y, and pT™ occurs on the lower bound of

Y. as follows:

e G B 7T A T v B

05, 1(% @] 1[| HB) B9, K-S
where A" is the reliability index at the maximum p,, A" is the reliability index at the
minimum p,, u™is the MPP for the maximum p,, and u™"is the MPP for the
minimum p, . The equations of Type | sensitivity for other situations are given in
Appendix B.
3.2. Type 1l sensitivity op, /09,

op, /0o, is the sensitivity of the average p,, p,, with respect too,. P, is defined
by

5 PR
' 2

(24)
The relationship among p" p?,ép and P, is illustrated in Figure 3. This type of
sensitivity quantifies the rate of change of the mean value of p, due to the change of

the interval width of Y;. The equations of this type of sensitivity are given in Appendix

C.

Figure 3. p}, p;,d,,and P,
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3.3. Type Il sensitivity 05, /0y,
00,10y, is the sensitivity of the width of the probability of failure &, with

respect to the average of the ith interval variable, y;. Y, is defined by

oy 4yt
y yl yl (25)

! 2

The relationship among y,y;,5 and ¥, is illustrated in Figure 4. This type of
sensitivity is useful when we can control the averages of the interval variables during
reliability based-optimization. We can efficiently decrease the reliability gap by shifting

averages of interval variables to which the probability of failure is highly sensitive. The

equations of this type sensitivity are given in Appendix D.

Figure 4. y’,y;,5,,and ¥,

3.4. Type IV sensitivity Jp, /0y,

op, /oy, is the sensitivity of the average probability of failure p, with respect
toy,. It tells us how much the average probability of failure will change given the
change in the midpoint of an interval variable. The equations of this type of sensitivity
are given in Appendix E.
3.5. Type V sensitivity 0o, /0q;

00, 10q; is the sensitivity of the width of the probability of failure 5, with respect
to a distribution parameter, q,, of random variable X;. For example, for a normal

distribution, g, would be the mean g or standard deviation o; while for uniform
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distribution, g, could be one of the interval bounds. As shown previously, the p;,
gap o, is mainly caused by interval variables [38]. On the other hand, the value of p;
primarily depends on random variables. The equations of this type of sensitivity are

given in Appendix F.

3.6. Type VI sensitivity oJp, /0oq,

op, /0q, is the sensitivity of the average probability of failure P, with respect to
a distribution parameter, q,, of random variable X,. The equations of this type of
sensitivity are given in Appendix G. The equations of Type V and VI sensitivities for a
normal distribution are also given in Appendices F and G, respectively.

3.7. Equations of all the sensitivity indices

The equations for all the above sensitivity indices are summarized in Tables 11, 111

and IV [Comment 1-17].

Insert Table Il here

Insert Table 111 here

Insert Table 1V here

In the above table, w is given in Equation (A11) in Appendix A.

The procedure to calculate the sensitivity indices is illustrated in Figure 5. First,
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unified reliability analysis is conducted to obtain MPPs and interval variables at
pY and p; . Then depending on the location of the interval variables, either interior or
on a bound, at the MPP, the corresponding equations from Table II, 11, and IV are used

to calculate the sensitivity indices.

Figure 5. The procedure to calculate sensitivity indices

4. NUMERICAL EXAMPLES

Two examples are used to demonstrate our proposed sensitivity measures with
random and interval variables. The first example deals with normally distributed
variables while the second example handles random variables with non-normal
distributions.
4.1. Example 1- Adhesive Bonding Example

A double-lap joint design of a rubber-modified epoxy based adhesive [45] is
illustrated in Figure 6. The design consists of aluminum outer adherends and an inner
steel adherend. The assembly is cured at 250 °F and is stress-free at temperature T,.
The completed bond is subjected to an axial load P at a service temperature T,. The
coefficients of thermal expansion for the outer and inner adherend o and ¢; are
6x10° and 13x107°in/(in- °F), respectively. The modulus E, and the thickness t_,

of the outer adherend, and the modulus E; and the thickness t,, of the inner adherend

[Comment 1-17], are random variables. The shear modulus G, width b, length L, of the
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adhesive, and the lap-shear strength of adhesive S, are also random variables. Their

distributions are given in Table V.

Figure 6. A double-lap joint design of adhesive

Insert Table V here

Because it is difficult to spread the adhesive uniformly over the surface, the
thickness of the adhesive is estimated to be in an interval shown in Table VI. The
temperature change, AT =T, —T,, is difficult to fit into some probability distribution
since the temperature field is unknown. An interval is therefore assigned for AT as
listed in Table VI.

Insert Table VI here

The limit-state function is the safety margin for strength requirement of the joint,
which is defined by the difference between the lap-shear strength of adhesive and the
maximum shear stress 7. . The equation is obtained at x = 0.5 where the maximum
shear stress occurs. The function is given by

G=9(XY)=S, 7

where 7 . =7(0.5), and

Pw Pw 2E t —Et
7(X) = - cosh(wx) + eo 1
4bsinh(wL /2) 4bcosh(wlL/2) | 2Et, + Et,
4 (2 —a,)ATo sinh(wx)
(1/Et, +2/Et)cosh(wL/2)
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G| 1 2
and o= |—| —+—|.
Ers)

The failure event is defined by F = {X, Y|g (X,Y)< 0} :

The analysis results are listed in Tables VII, VIII, IX and X. To verify the
proposed method, additional reliability analyses are also conducted. The results are
shown as “Numerical verification” in Table VIII (for interval variables) and Table X
(for random variables). Each parameter (the average or width of an interval variable, or
a distribution parameter of a random variable), with respect to which a sensitivity index
would be calculated, is increased by a small step size. An additional reliability analysis
for that parameter is then performed. The rate of change in the reliability analysis
results with respect to the parameter was computed. The rate should be very close to
the sensitivity index calculated from the proposed method. Both Tables VIII and X
show good consistency and verify the accuracy of the proposed method.

The sign of a sensitivity index gives a possible direction for improvement. For

example, in Table VIII 95,/05, and 66,/05, are both positive while d6,/0y, and
00,10y, are both negative. Therefore, if we wish to reduce the bounds of p,, we
could narrow the intervals of thickness of adhesive (J,) and the temperature change
(9,) or increase their averages of them (y, and y,). A similar conclusion can be
drawn for 95, /dy;, and &p, /0y, .

To better interpret the sensitivity analysis results, the percentage change in Table
IX is also included. A;l% indicates the change in 6, or P, corresponding to the
1% increase in o, or Y, respectively. For instance, if o, increased by 1%, or o,

increased by (y)’ -y, )x1% = (0.0205-0.0195)x1% =1.0x10*inch , the width of the
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probability of failure bounds s, would increase by
(5.009x10?)x(1.0x10°) =5.009x10”7, where the multiplier is the change in &,
while the multiplicand is the Type I sensitivity index. Similarly, the average probability
of failure P, would change by (—2.494><10*2)><(1.0><10*5)=—2.494><10*7. Since the
sign is negative, P, would actually decrease. This example indicates how the change
in input uncertainty impacts reliability or the probability of failure. A sensitivity index
also tells us the relative importance of uncertain variables. For example, Y; has higher
A™ of Type | ~ IV sensitivity indices than those of Y»; Y1 is therefore more significant

than Y2 in terms of its impacton 6,and p;.

Insert Table VII here

Insert Table VIII here
Insert Table IX here

Table X shows sensitivities in terms of the mean and standard deviation of

random variables. The positive signs of 05,/0q and Jp;/oq imply that the
distribution parameters need to be lowered to reduce 5, and p;. And the negative
ones suggest that distribution parameters need to be increased to reduce o, andp;.
From this table, it can be concluded that X; has the highest impact on 6, and p;,
because it has the highest sensitivity index values. Given the positive signs of Type V

and VI sensitivity indices of X7, reducing the mean and variance of X; would be

more efficient than adjusting other random variables in order to lower 6, and p; .
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Insert Table X here

4.2. Example 2- Cantilever Tube

In Example 1, all random variables are normally distributed. In this example,
some random variables follow non-normal distributions. The cantilever tube shown in
Figure 7 is subject to external forcesF,, F,, and P, and torsion T [44]. The

limit-state function is defined as the difference between the yield strength S and the

maximum stresso ., hamely,

max !

G:g(X,Y):S—O'maX

where o, Iis the maximum von Mises stress on the top surface of the tube at the

origin and is given by

_ 2 2
Orax =\ Oy +375 -

Figure 7. Cantilever tube

The normal stress o, is calculated by

_ P+ Fsing +F,;sing, +ﬂ

GX
A I

where the first term is the normal stress due to the axial forces, and the second term is

the normal stress due to the bending moment M, which is given by
M = FL, cosé +F,L,cosé,
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and
_Tl g2 _(dq _ot)?
A_4[d (d-2t)°]
c=d/2,

_ a4 _(q o\
| = 64[d (d-2t)']
The torsional stress 7, at the same point is calculated by

_Td

T =757
2J

where J =21.

The random and interval variables are given in Tables X1 and XII, respectively.

Insert Table XI here
Insert Table XII here

The results of reliability analysis and sensitivity are listed in Table XIII, XIV, and

XV. Itis noted that sensitivity indices of 06,/00;,and 95, /0y, are all positive while
sensitivity indices of oJp, /06, and Jp, /dy, are all negative. In this case, the
direction of the change in o, will be opposite to the direction of change in P,
whenever we adjust ¢,and Y;. For instance, decreasing o, will result in a lower o

p

and a higher p; .

Insert Table X111 here

Insert Table X1V here
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Insert Table XV here

In this example, uniform distributions and a Gumbel distribution are involved. In
Table XVI, the sensitivities in terms of the parameters of these two distributions are
also calculated. It is indicated that Type V and VI sensitivities of uniformly distributed
variables, Xzand X4, are all positive. Hence, if we raise or lower the bounds of X ;and

X4, the change of &, and P, will follow the same direction.

Insert Table XVI here

5. CONCLUSIONS
When information or knowledge is not adequate to build probability distributions,
interval variables may be used. In this case, probabilistic sensitivity analysis
approaches are no longer applicable. An effective sensitivity analysis method is
proposed to handle the mixture of random variables and interval variables.

With the presence of both random and interval variables, reliability and the
probability of failure resides between their lower and upper bounds. In this work, based
on the unified uncertainty analysis framework [39], we have explored various
sensitivity indices with respect to both random and interval variables. Four new types
of sensitivity for interval variables include the sensitivities of the width and average of
the probability of failure bounds with respect to the interval width and with respect to

the mean of each interval variable. Two new types of sensitivity for random variables
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include the sensitivities of the width and average of the probability of failure with
respect to the distribution parameters of each random variable. Equations for the six
sensitivity indices are derived. Through the unified reliability analysis and the First
Order Reliability Method (FORM), the sensitivity indices are calculated after reliability
analysis is completed without calling the limit-state function again. The sensitivity
indices are therefore a byproduct of reliability analysis.

The advantages of the proposed methods are as follows: (1) The method is easy to
use because it employs the First Order Reliability Method (FORM), which is widely
used in industry. (2) Sensitivity information is just a byproduct of reliability analysis. (3)
Both random and interval variables can be handled by reliability analysis at the same
time. And (4) the computation is efficient without a double-loop procedure or Monte
Carlo simulation involved.

The method has some limitations. Since it is based on only the First Order
Reliability Method (FORM), the method cannot be directly extended to the Second
Order Reliability Method (SORM). The method assumes the global optimal solution
if optimization is used for interval analysis. The method may not provide an accurate
solution if a global optima is not reached. It is well known that FORM may not be
accurate when multiple MPPs exist. The proposed method exhibits the same behavior
for the multiple MPPs situation.

Future work would be the further improvement of efficiency and the inclusion of
more sensitivity indices. For higher efficiency, the efficient interval arithmetic could be

used for interval analysis. Other sensitivity methods, such as those suggested in [46],
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could also be incorporated.

APPENDIX A: COMMON EQUATIONS

1. Derivative of p, with respect to one bound of an interval variable Y,

0

% is given in Eqg. (22) and is rewritten below.
0 —d(—
oh  [vg(u")] oh

where p, couldbe p;or pY,and g couldbe g and p“.
2. Derivative of p, with respect to the width of an interval, 5,

If p, occursaty’,

_ 1 1 o

%, %, % oy, +,0) %,
Eqg. (A2) can then be simplified to
op (7 +15 Y j
op, 1 2 _iapf (A3)
- - U
02 agays) 2O
Similarly, if p, occurs aty", the equation becomes
op (7 15 Y j
Pl flYi™ 5% i o
1 1% Ad)

2
_ _ 1 L
SO L T

If p, occurs at an interior pointy,, which is not a function of¢;, it can

then be shown that
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6pf:6pf(yi!Y~|) apf(yu ~|)6yi apf(y“Y*)-O:O (AS)
o5 o0, 6yi 65 ayi

3. Derivative of p, with respect to the average of an interval, V.

If p, occursaty’, one can obtain

N\I—‘

. i) @130 as-

3%, )o[5+1a)
- - - 2/ (ro)
o, o, avi a(Wld o,
1 2 1

and therefore

= = (A7)
1 2 |
Similarly, if p, occursaty,,
1
op (_.—5.,Y~.j
a f i i i a
Py _ 2 _ plf_ (A8)
o, a(—_l 5 o,
1 2 I
If p, occursatan interior pointy,,
0 op: (Y, Y) op: (Y., Y.)oy op:(Y:, Y.
P _ 0P (% Ya) i (N Y) O _ (Vo Ya) o g ()
%Y, v, N 0 o,
4. Derivative of p, bound with respect to a distribution parameter g
0Py _00(=p) _ op ou;
Al10
X 2 —¢(- ﬂ)au 2 (A10)
I the CDF of X;is F,, (x; ), then
U= @[ F (X)) ]= W0 G, - Goeen ) (AL1)

where n is the number of distribution parameters.

Then from 8 = u;|, one obtains
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U ow
_:_ g Al2
aq, (= )ﬂ oq, ( )

APPENDIX B: EQUATIONS FOR TYPE I SENSITIVITY 045, /0¢,
Case 1: p; occursat y- and p; occursaty’ (see Section 3).

Case 2: p; occursat y’ and p} occursaty. .

_ 1 _ 1
0| PY | V=58 Yo |- Pe| Vit 6 Ya)
00 2 2
= (B1)
09, 06,
Using Egs. (A3) and (A4) gives

00 opY  opt
_F’:_i pr + p& (B2)
a5 2\ 0y Oy

Then from Eq. (Al),

% 3 8& opy 1l —p(-p") a9 (B3)
o5, 2leyt ey 2 [va™)] ov, ||V (u*L)|| oY,
Case 3: p; occurs at an interior point y, and p; occursaty; .
ul<o 1 L/e
o| p; (yi +5i’Y~ij_ Py (yi’Y~i)
96, 2 (B4)
00. 00,
Using Egs. (A3) and (A5), one obtains
00, 1 apf (B5)
65 2 oy’
Applying the results from Eq. (A1) yields
859 zlapl}J =1 _¢(_ﬂu) a_g (BG)
05, 20y, 2||vgu™)| oy,
Case 4: p; occurs at an interior pointy, and p} occursaty, .
o o[ i-25.Y, |- Pt (5. Y.)
aa‘p f i 2 (R f it T~
= (B7)

09, 09,

Using Egs. (A4) and (A5) yields
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95, _ 100

05, 20y"

Applying Eq. (Al) yields

05, 1 —¢(—,3U)@_9L
o ™ox

05, 2

Case 5: p; occursat y’ and p} occurs atan interior pointy, .

v vy nt vl
o5, 6[pf(yi.Y~i) pf[yﬁz@,\mﬂ

09, 00,

Using Egs. (A3) and (A5), one obtains
35, 100
o5, 20y}

Using Eq. (A1) yields

26,

05, l!—¢(—ﬂL) o9 ]
2

2| [vg(u ] o,

Case 6: p; occursat y- and p; occurs at an interior point . .

Urg Ll — 1
65p _6|:pf (yi'Y~i)_ Py KYi _Zé‘i’Y~ij:|

09, 00,

Using Egs. (A4) and (A5) gives

99, 1007 1| -4(-p") o9
05, 20y 2|[vg| oy,
Using Eq. (A1) yields
90 _ 1] —4(-5") &g
05, 2| |[vg™)| o, 1"

Case7: p; and p} occur at two interior points y, and Y,,, respectively.

8513 _ 8|:plfJ (yi1!Y~i)_ plf_(yiz'Y~i )]
05,

Using Eq. (A5) yields
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APPENDIX C: EQUATIONS FOR TYPE Il SENSITIVITY dp, /04,

Case 1: p; occursat y- and p; occursaty .

p (o3 0]

= C1
% 5 (C1)
Using Egs. (A3) and (A4) yields
@ _1(c o -
G AN
From Eq. (Al)
87_ SO ) AR ) ©3)
05, 4 [vgu™)]av, 1" |vgu™)] ey,
Case 2: p; occursat y’ and p} occursaty. .
1 1
01| p (y. S0 Y j+ pL(Vi +5i,Y~iﬂ}
aﬁf — {2|: f f 2 (C4)
00, 09,
Using Egs. (A3) and (A4) yields
@ _1f ol o -
o5, 4\ oy oy
From Eq. (Al)
DL AP o) AP d) (6)
05, 4| |vaw™)|ov, ||Vg(u*L)|| oY,
Case 3: p; occurs at an interior pointy, and p} occursaty’.
1 1
0y~ pU (7i+5i’Y~ij+pL(yi’Y~i):|}
%f — {2|: f 2 f (C?)
09, 06,
Using Egs. (A3) and (A5) yields
ap op’
&:i plfJ (C8)
a i 4 ayi

From Eq. (Al)
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Py _1| -4(-p") o9
05, 4||vg(™)| oy, "

Case 4: p; occurs at an interior pointy, and p} occursaty, .

% a{ﬂp? (Vi —;@Mi} HIAE )}}

00, 00,

Using Egs.(A4) and (A5) yields

Applying Eq. (A1), one obtains

», 1[ —p(-4") og }

a5, 4|[vg™) oy,

Case 5. p; occursat y’ and p} occursat an interior pointy,

1 vig L, L
P, _8{2‘:pf (yi’Y~i)+pf(yi+25i’Y~i)j|}

26, o)

Using Egs. (A3) and (A5) gives
o _10p

05, 4oy

Applying Eq. (Al) yields

Py _1| —¢(-p") a9
05, 4||vg( oy 1

Case 6: p; occursat y- and p; occurs atan interior point y, .

1 g Lo 1
P, _8{2‘:pf (yi’Y~i)+pf(yi_25i’Y~i):|}

09, 00,

Using Egs. (A4) and (A5) yields

From Eq. (Al)
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B _ 1| —¢(=p") 9 (C18)
05, 4||vg oy

Case7: p; and p} occur at two interior points y, and Y,,, respectively.

25, a{;[pl# (Vi Yo) + plf-(in’Y~i):|}

= C19
26 25 (C19)
Using Eq. (A5) yields
00
g (C20)
99,
APPENDIX D: EQUATIONS FOR TYPE Il SENSITIVITY 04, 1 0y,
Case 1: p; occursat y- and p; occursaty, .
0 p”(y sy )—pL(V sy j
a5, _o(py —pr) T[T )RR -
a7 7 w,
Using Egs. (A7) and (A8) yields
08, _opy dpy _apy py (02)
o & o oy oy
From Eqg. (Al)
a§p — _¢(_ﬁu) a_g _ _¢(_ﬂL) a_g (D3)
& |va@™)| oy, [vgu) oy
Case 2: p; occursat y’ and p} occursaty. .
0 p”(V—lé Y j—pL(V sy j
05, o(py—pi) |\ TR )]
a7 w, 7
Using Egs. (A7) and (A8) gives
05, opy dp; op; apy (05)

o, &, o oy oy

Applying the results of Eq. (A1) yields
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0% _ —4(-5°) 29| _ —#(-p") &)
&, [ ovlt [vgu oy ¥

Case 3: p; occurs at an interior pointy, and p} occursaty’.

_ 1 _
OO e
p:

%Y, Y, %Y,
Using Egs. (A7) and (A9), one obtains

65, _ o} _ op;
¥ o

By Eq. (Al)

03, _ —¢(-p") 20|
|va™) oy,

Case 4: p; occurs at an interior pointy, and p} occursaty, .

1

o5, o(p’—pt) a{p? (7‘_25"\(*)_ plf_(yi!Y~i)j|

%Y, %Y, Y,
Using Egs. (A8) and (A9) gives

o9, _ op’ _ opY
o, Oy, oy

By Eq. (Al)

05, _ —¢(-p") oy
& |va™)| oy,

Case 5: p; occursat y’ and p} occurs atan interior pointy, .

U/a Al 1
8513 a(plfj_plf_) 8[pf(yi’Y~i) pf(yi+26‘i’Y~ij}

Y, Y, Y,

Using Egs. (A7) and (A9) gives
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(D9)

(D10)

(D11)

(D12)

(D13)



05, _ opy _ op

p

N Mo
Using Eqg. (A1) yields
03, __ —4(-p") 29
S TR

Case 6: p; occursat y- and p; occurs atan interior point . .

1
ol pY (v, Y. )-pr| Vi -=6.,Y.,
o5, o(py -py) [pf(y' +) pf(y' 2" ﬂ

Y, Y, Y,

Using Egs. (A8) and (A9) gives

p

05, _ op; _ op}
S Y

Using Eq. (A1) yields

05, _ —¢(-p") &g
|vgH|ov

Case 7. p; and p; occur attwo interior points y, andy,,, respectively.

65p _ a|:plfJ (yi1!Y~i)_ plf_(yizlY~i )]
&, o,

Using Eq. (A9) yields

APPENDIX E: EQUATIONS FOR TYPE IV SENSITIVITY 0p; /0y,

Case 1: p; occursat y- and p; occursaty .
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(D16)

(D17)

(D18)

(D19)

(D20)



o, o, o,
Using Egs. (A7) and (A9) gives
P _1fop; opi)_1 ﬁ+ﬁ €2)
o 200 oy ) 200 Oy

Using Eq. (A1) yields

p; 1[—¢(—ﬂ“) og| , ¢4 & ] (E3)

&, 2|[vgw™)|ox, ¥ v v,

Case 2: p; occursat y’ and p} occursaty. .

poJ+pr 1 _ 1 _ 1
ol =Tt = u _ =S ) L 1= 5 )
p; [ 2 ] a{z{pf[y' 25"Y~')+pf(y'+25"Y~'ﬂ}

= = (E4)
v w w;
Using Egs. (A7) and (A8) yields
U L U L
P _ifwr o) afon opi )
N 2(0% 9 ) 20 O
Using Eq. (A1) yields
By _1| —¢(-p") og| , —¢(-p) 39
- *U y-'-+ * L Y (EG)
2||vew™)|ov " |vgu| oy,
Case 3: p; occurs at an interior pointy, and p} occursaty’.
p?+p?J {1{ 1 _
ol ———| 095 p“(yi+5ﬂY~i)+ Pr (¥, Y
6ﬁf _ ( ) _ 2 f 2 f( ) (E7)
v, 97 w;
Using Egs. (A7) and (A9) gives
op, 10p7 10p (E9)

, 20, 20

Using Eq. (A1) yields
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P 1A A (E9)
&, 2|vgu)f oy,

Case 4: p; occurs at an interior pointy, and p} occursaty, .

Pt + Py 1 (- 1 e
5rf G(ZJ a{2|:pf (yi_zé‘i’Y~ij+pf(yi'Y~i):|}
= = (E10)
%Y, %Y, %Y,
Using Egs. (A8) and (A9) yields
P, _10p; _10p (E11)
o 20y 20y
Using Eq. (A1) yields
a_f _ 1 _¢(_ﬂu) ag (E12)

&, 2[vau™)] ey,
Case 5: p; occursat y’ and p} occurs at an interior point ..
Pt + Py 1 o, 1
0 =1 pY(y,Y. LY +=8,Y.
. [ 5 015 | Pr (% Yai)+ pf(y.+25.,Y~.)
= (E13)

& & &

Using Egs. (A7) and (A9) gives

ap ops op;
f :l pf :1 plj (E14)
%, 20y, 20y
Using Eq. (A1) yields
oo T

&, 2|vgu™)|ov ¥
Case 6: p; occursat y- and p; occurs atan interior point ..
Pt + Py 1 o, 1
0 o PV (V.Y )+pr| Vi —=6, Y.,
. ( 5 5| Pr (% ~.)+|of(y. = j
= (E16)

y & &,

Using Eq. (A8) and (A9), one obtains
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op opt op*
fzi ple pi (E17)
o9, 20y, 20y,

Applying Eq. (Al) yields

a_f =1 _¢(_€L) a_g (E18)
o,  2|vgu™)| oy,

Case 7: p; and p; occur attwo interior points y, andy,,, respectively.

%f a{;[poJ (yil’Y~i)+ plf_(yiz’Yq)}}

= (E19)
%Y, %Y,
Using Eq. (A9) gives
oo
P _ 0 (E20)
,
APPENDIX F: EQUATIONS FOR TYPE V SENSITIVITY 94, / oq,
06, _o(py —pr) _opy py (F1)
aq, aa aq,  oq
Using Eq. (A12) gives
00, L ow
¢(ﬂ)' ¢(ﬂ)'— (F2)
N B aq,
where u" isthe MPPat p; and u’"isthe MPPatp!.
Specifically, for a normal distributed random variable X; ~ N(z,0;),
-1 * -1 X — 4 X = 44
W(;,07) =@ |:FXi(Xi )}:(1) {CD[ I 'ﬂ: —, (F3)
o, o,
so it can be obtained that
ow 1 ow Xi* —H l"i*
— = =——t—t=——" (F4)

O, o, oo, i of

Therefore, from Eq. (F2), we can obtain the following sensitivities.
1) g =
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00,

5_/4:_¢( Vi )/}—a— (" ),BI o —¢( Vi ) a —¢( ﬂ) n I(F5)
2) g =
2, " ow ow
6_0, =—¢(-p" )ﬂ_a_ $(-p* ),8_8_ -
_ 0 U u,_l_ i -*L_ (u”)? (uh)?
¢(ﬁ)ﬂ ¢('B)ﬁ - ¢5(ﬂ)ﬂI ¢(ﬂ)ﬁLO_i

APPENDIX G: EQUATIONS FOR TYPE VI SENSITIVITY dp; / oq;

[p?+p?]
o(Py) _ 2 :1£%+%] 1)
aa; aq, 2{ oq  aq,
Using Eq. (A12), it can be easily shown that
ops A B i @
o {cfﬁ(ﬂ)ﬂa ﬂﬁ)ﬁa} (G2)

Applying the results from Eq. (F4) for a normal distributed random

variable X; ~ N (g, ;) , the following sensitivities are obtained.

1)qi=
e
P L ) gy D
o 7 ou i 5 o 3
{¢(ﬁ)ﬁ ¢(ﬂ)ﬁ J

z)qi=

Py |: oW

—=——¢(ﬂ)'—— ¢(ﬁ)——}

B *f N *{3 a (" oy

i i |; u; u.
{(If(ﬁ)ﬁ - ¢(ﬁ)ﬁ .} {¢(ﬂ)ﬁ ¢(,3)IBJ

40



ACKNOWLEDGES

This work is partly supported by the U.S. National Science Foundation (NSF)
grant CMMI-040081, University of Missouri Research Board Grant #7116, and the
Intelligent Systems Center at the University of Missouri-Rolla. The presented views are

those of the authors and do not represent the position of the funding agencies.

REFERENCES

1.Du X, and Sudjianto A. The first order saddlepoint approximation for reliability
analysis, AIAA Journal 2004; 42(6):1199-1207.

2.Melchers RE. Structural Reliability Analysis and Prediction. John Wiley & Sons:
New York, 1999.

3.Huang HZ. Reliability analysis method in the presence of fuzziness attached to
operating time. Microelectronics Reliability 1995; 35(12):1483-1487.

4.Du X, Sudjianto A, and Huang B. Reliability-based design under the mixture of
random and interval variables. Journal of Mechanical Design (ASME) 2005;
127(6):1068-1076.

5.Liang J, Mourelatos ZP, and Tu J. A single-loop method for reliability-based design
optimisation. International Journal of Product Development 2008; 5(1/2):76-92.

6.Huang HZ, Tian ZG, and Zuo MJ. Intelligent interactive multiobjective optimization
method and its application to reliability optimization. I1E transactions 2005; 37(11):
983-993.

7.Wang L, Grandhi RV, and Hopkins DA. Structural reliability optimization using an
efficient safety index calculation procedure. International Journal of Numerical
Methods in Engineering 1995; 38(10):1721-1738.

8.Turanyi T. Sensitivity Analysis of complex kinetic systems: Tools and applications.
Journal of Mathematic Chemistry 1990; 5(3): 203-248.

9.Cacuci D.G,, Sensitivity and Uncertainty Analysis, vol.1: theory. CRC press: Boca
Raton, FL, 2003.

10. Saltelli A, Chan K, and Scott EM. Sensitivity Analysis. Wiley: New York, 2000.

41



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Wu YT. Computational methods for efficient structural reliability and reliability
sensitivity analysis. AIAA journal 1994; 32(8):1717-1723.

Mohanty S, and Wu YT. CDF sensitivity analysis technique for ranking influential
parameters in the performance assessment of the proposed high-level waste
repository at Yucca Mountain, Nevada, USA. Reliability Engineering and System
Safety 2001; 73:167-176.

Mavris D, Roth B, and Macsotai N. A method for probabilistic sensitivity analysis
of commercial aircraft engines. Presented at the 14™ ISABE, Florence, Italy, 1999.

Kern D, Du X, and Sudjianto A. Forecasting manufacturing quality during design
using process capability data. Proceedings of the IMECE’03, ASME 2003
International Mechanical Engineering Congress and Exposition, Washington D.C.,
2003.

Liu H., Chen W, and Sudjianto A. Relative entropy based method for probabilistic
sensitivity analysis in engineering design. Journal of Mechanical Design (ASME)
2006; 128(2): 326-336.

Ferson S, Joslyn CA, Helton JC, Oberkampf WL, and Sentz K. Summary from the
epistemic uncertainty workshop: consensus amid diversity. Reliability Engineering
& System Safety 2004, 85(1-3):355-369.

Helton JC, Johnson JD, and Oberkampf WL. An exploration of alternative
approaches to the representation of uncertainty in model predictions. Reliability
Engineering System & Safety 2004; 85(1-3):39-71.

Bayarri MJ, Berger JO, Higdon D, Kennedy MC, Kottas A, Paulo R, Sacks J,
Cafeo JA, Cavendish J, Lin CH, and Tu J. A framework for validation of computer
models, Foundations for Verification and Validation in the 21st Century Workshop,
John Hopkins University/Applied Physics Laboratory, Laurel, Maryland 2000.

Ha-Rok Bae, Ramana V. Grandhi, and Robert A. Canfield, Epistemic uncertainty
quantification techniques including evidence theory for large-scale structures,
Computers & Structures 2004; 82(13-14) :1101-1112,

Gu X, Renaud JE, and Batill SM. An investigation of multidisciplinary design
subject to uncertainties. 7th AIAA/USAF/NASA/ISSMO Multidisciplinary Analysis
& Optimization Symposium, St. Louis, MO 1998; 309-3109.

Du X, and Chen W. An integrated methodology for uncertainty propagation and
management in simulation-based systems design. AIAA Journal 2000; 38(8):

42


http://www.sciencedirect.com/science/journal/00457949

22,

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

1471-1478.

Rao SS, and Cao L. Optimum design of mechanical systems involving interval
parameters. Journal of Mechanical Design (ASME) 2002; 124(3):465-472.

Pownuk A. Efficient method of solution of large scale engineering problems with
interval parameters. Proceedings of the NSF Workshop on Reliable Engineering
Computing, Savannah, GA, 2004; 3015-316.

Modares M, Mullen R, Muhanna RL, and Zhang H. Buckling analysis of structures
with uncertain properties and loads using an interval finite element method.
Proceedings of the NSF Workshop on Reliable Engineering Computing, Savannah,
GA, 2004; 317-328.

Pereira SC, Mello UT, Ebecken NMAD, and Muhanna RL. Uncertainty in thermal
basin modeling: an interval finite element approach. Proceedings of the NSF
Workshop on Reliable Engineering Computing, Savannah, GA, 2004; 371-390.

Wang Y. Solving interval constraints in computer-aided design. Proceedings of the
NSF Workshop on Reliable Engineering Computing, 15-17 September, Savannah,
GA, 2004: 251-267.

Hall J, and Lawry J. Imprecise probabilities of engineering system failure from
random and fuzzy set reliability analysis. 2nd International Symposium on
Imprecise Probabilities and Their Applications, Ithaca, New York, 2001.

Starks SA, Kreinovich V, Longpre L, Ceberio M, Xiang G., Araiza R, Beck J,
Kandathi R., Nayak A, and Torres R., Towards combining probabilistic and interval
uncertainty in engineering calculations. Proceedings Of the NSF Workshop on
Reliable Engineering Computing, Savannah, GA, 2004; 193-213.

Kreinovich V, Beck J, Ferregut C, Sanchez A, Keller GR, Averill M, and Starks SA.
Monte-Carlo-type techniques for processing interval uncertainty, and their
engineering applications. Proceedings of the NSF Workshop on Reliable
Engineering Computing, Savannah, GA, 2004; 139- 160.

Penmetsa RC, and Grandhi RV. Efficient estimation of reliability for problems with
uncertain Intervals. Computers & Structures 2002; 80(12):1103-1112,

Tonon F. Using random set theory to propagate epistemic uncertainty through a
mechanical system. Reliability Engineering System & Safety 2004;
85(1-3):169-181.

Agarwal H, Renaud JE, Preston EL, and Padmanabhan D. Uncertainty

43



33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

quantification using evidence theory in multidisciplinary design optimization.
Reliability Engineering System Safety 2004; 85(1-3):281-294.

Fetz T, and Oberguggenberger M. Propagation of uncertainty through multivariate
functions in the framework of sets of probability measures. Reliability Engineering
System & Safety 2004; 85(1-3): 73-87.

Kreinovich V, Lakeyev A, Rohn J, and Kahl P. Computational Complexity and
Feasibility of Data Processing and Interval Computations. Kluwer: Dordrecht,
1997.

Bae HR, Grandhi RV, and Canfield RA. Uncertainty quantification of structural
response using evidence theory. 43rd AIAA/ASME/ASCE/AHS/ASC Strutures,
Structural Dynamics, and Materials Conference, 22-25 April, Denver, Colorado,
2002

Bae HR, Grandhi RV, and Canfield R. Sensitivity analysis of structural response
uncertainty propagation using evidence theory. Structural and Multidisciplinary
Optimization 2006; 31:270-291.

Helton JC, Johnson JD, Oberkampf WL, and Sallaberry CJ. Sensitivity analysis in
conjunction with evidence theory representations of epistemic uncertainty.
Reliability Engineering & System Safety, in press, 2006

Guo J and Du X. Sensitivity analysis with mixture of epistemic and aleatory
uncertainties. AIAA Journal 2007; 45(9): 2337-2349.

Du X. Uncertainty analysis with probability and evidence theories. Proceedings of
ASME 2006 International Design Technical Conferences & Computers and
Information in Engineering Conference, Philadelphia, Pennsylvania, 2006.

Hasofer AM and Lind NC. Exact and invariant second-moment code format.
Journal of Engineering Mechanics Division (ASCE) 1974; 100(EM1): 111-121.

Haldar A and Mahadevan S. Probability, Reliability, and Statistical Methods in
Engineering Design. Wiley: New York, 2000.

Mahadevan S, Physics-based reliability models, in Reliability-Based Mechanical
Design (Cruse, T.A., ed.), Dekker, New York, 1997.

Der Kiureghian A, First- and second-order reliability methods, in Engineering

Design Reliability Handbook (Nikolaidis E, Ghiocel D and Singhl S ed.). CRC
Press LLC: Boca Raton, FL, 2005.

44



44. Du X. Interval reliability analysis. Proceedings of ASME 2007 International Design
Technical Conferences & Computers and Information in Engineering Conference,
Las Vegas, Nevada, 2007.

45. Budynas RG and Nisbett JK. Shigley’s Mechanical Engineering Design, McGraw
Hill Higher Education: New York, 2006.

46. Ferson S and Tucker WT. Sensitivity in risk analyses with uncertain numbers.
SAND report 2006-2801, Applied Biomathematics, Setauket, New York, 2006.

45



Table I. Six sensitivity indices

Sensitivity type Description Input
Sensitivity of the width of the p, bounds, 5,

Type |l 95,/05;  with respect to the width of interval variable Y,, Interval
)

Type Il &p, 105 SenSItIVfty of t-he average- P, P, With respect Interval
to the width of interval variable Y., o
Sensitivity of the width of the p, bounds, &,

Type lll 06,10Y;  with respect to the average of interval variable Interval
Yi' VI

Type IV &p, 16y, Sensitivity of the average p,,p,, with respect Interval
to the average of interval variable Y,, ¥,
Sensitivity of the width of the p, bounds, 5,

TypeV 05,100, with respect to a distribution parameter, g, of Random
random variable X,
Sensitivity of the average p,,p,, with respect

Type VI 0p; /00, to a distribution parameter, g , of random Random

variable X,
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Table I1. Type I and 11 sensitivities for intervals

Case Type | 5,105 Type Il op, /93,
(Appendix B) (Appendix C)

1) ¢(=p") &g N 1) 4(=p") a9
pY occurs aty’; 2| [va™)| oy, 4| Vo] oy, ¥
p; occurs at y." $(-5") o9 L $(-pY) & L

T Fat ],

1| ¢(-p") og N 1l ¢(=p") og| _
pY occurs aty;'; 2| [vg(u™)| av, 1 4| [vg)| oy,
p; occurs at y’ $(-p") o9 U H-p) o9 U

[vow™]evt” [vaw™ov !

p; occursaty;;
p; occurs at

an interior point
p; occursaty.;
p; occurs at

an interior point
p; occurs aty’;
p; occurs at

an interior point
p; occurs aty,;

pY occurs at
an interior point

p? and pt both

occurs at
interior points

1) ¢(-p") o9
2 ||Vg(u*'U)|| oY,

:
:
:
:

1l 4B a9
2| [vg@™)| o,

1| ¢(-B") o9
2| [vg@™)| v,

1] 4(=p") o9
2| [vg@™)| oY,

:
:

1 ¢(=p") a9
4 ||Vg(u*“)|| oY,

1| ¢(-p") &g
4

oo




Table I11. Type 11l and 1V sensitivities for intervals

Case Type 11165, 1 0y, Type IV p, / 0y,
(Appendix D) (Appendix E)
-4(-5") %9 L) 9C8) oG9
pY occurs atyy; vg(u™)| ay, I 2| [vg@)|ox; ¥
p; occurs at y; ¢(-p") o9 #(—B") &g
vg(u™h)| oy, 1 ||Vg(u*,L)||a_Yi v
U
TR s W T
pY occurs at y;; Voo 2| [va(u™)| ov, ¥
_Bt ag
p; occurs at y;’ 4 'B*) S AL
f T LA T OR: 1)
Vo™ ov !
U U. U
pf occurs at yi ’ —¢(—ﬂ )a_g 1 ¢(_ﬂU) ag
p- occurs at [va™)] ov, 2| [vg@)|ov; ¥
an interior point
p; occurs aty,; ~¢(-B") &9 1 ¢(-p") ag
pt occurs at [va@™)| ov; ¥ 2| Vg™ ox; I
an interior point
pr occursaty;’; #(-B") o9 1| ¢(-p") &g
pY occurs at [va )| oy, ¥ 2| Vg oy, I
an interior point
p; occurs aty."; #(-B") a9 1] g-pY g
pY occurs at [va(u)] oy, M 2| [vg@)| oy 1
an interior point
p; and p; both
occurs at 0 0

interior points
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Table IV. Type V and VI sensitivities for random variables

Case Type Voo, /oq Type VIop, /oq
(Appendix F) (Appendix G)
- ow 21 U ow
_¢(ﬂ)ﬂa_ P(ﬁ)ﬂa
General L ow "
¢('B)ﬂ_8_q, ﬂﬁ)ﬂ@}
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Table V. Random Variables X

Variable Mean Standard deviation  Distribution
X1 (E))  10x10°psi 0.1x10%psi Normal
X>(E)  30x10°psi 0.3x10°psi Normal
X3 (to) 0.15in 0.0015in Normal
X4 (i) 0.10in 0.001in Normal
X5(G)  0.2x10°psi 0.002x10°psi Normal
Xs (D) lin 0.01in Normal
X7 (L) 1.1in 0.011in Normal
Xs (P) 2000 psi 20 psi Normal
Xo (Sa) 4100 psi 41 psi Normal
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Table VI. Interval variables

Variable Lower bound Upper bound
Y1 (h) 0.0195in 0.0205 in
Y, (AT) -131.0 °F -129.0 °F

51



Table VII. Bounds of the probability of failure

Probability of Failure Py P} o2 5,

Py 7.797x10°  1.067x102  5.374x107° 1.059x107?
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Table VIII. Sensitivity with respect to interval variables

e Proposed method Numerical verification
Type of sensitivity
Y, Y, Y, Y,
Type | 05,106, 5009x10%  9.309x10°  5.071x10%  9.379x10°
Type Il 0p; /05,  -2.494x102 -4.655x10°  -2.525x10%  -4.669x10°
Type lll 85, /0y,  -9.978x10%  -1.862x10°  -1.001x10"  -1.868x10°
Type IV ap, /oy, 5.009x102  9.309x10°  5.071x10%  9.379x10°
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Table IX. The change of &, and p; with 1% increasesin &, and ;

Type of sensitivity A A

Type | 05,105, 5.009x107  1.862x10”
Type Il 6p, /05,  -2.494x107  -9.310x10°
Type lll 85,/0y,  -1.996x10°  2.241x10°
Type IV 6P, /0y,  1.002x10°  -1.210x10°
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Table X. Sensitivity with respect random Variables

Proposed method

Numerical validation

Type VoS, /o9 TypeVlap, /oq TypeVas,/1oa  Type VIap, /6q
X1 (14) 1.091x107% 5.475x10™ 1.097x107% 5.509x10™
X1 (o;) 4.566x10* 2.295x10 4.631x10™" 2.328x10™
X2 (1) -2.097x10™ -1.054x10™ -2.083x10™ -1.046x10™
X2 (o,) 5.066x10™2 2.550x10™"2 4.997x10™* 2.515x10*2
X3 (1) 7.270x10° 3.650x10° 7.315x10° 3.673x107
X3(o,) 3.044x10°° 1.530x10° 3.087x10° 1.552x10°
Xa(14,) -6.292x10° -3.161x10° -6.250x10° -3.139x10°
X4(o,) 1.520x10° 7.650x10™ 1.499x10° 7.546x10™
Xs (445) 9.818x107 4.931x10°° 9.780x10" 4.911x10"
Xs(05) 7.402x10°° 3.723x10° 7.330x10° 3.687x10°
X (15) -1.913x10° -9.608x10™ -1.912x10° -9.601x10™
Xs (o) 1.405x10° 7.068x10™ 1.404x107® 7.060x10™
X7 (147) -8.018x10°® -4.026x107° -8.011x107 -4.022x10°
X7 (o) 2.715%10° 1.365x107 2.731x10% 1.373x1072
Xs (145) 9.421x10°’ 4.731x107 9.428x107 4.735x107
Xs (o) 6.815x10” 3.428x10” 6.817x10” 3.429x10”
Xo (o) -1.079x10° -5.417x10” -1.078x10° -5.411x10”
Xg (o) 1.832x10° 9.213x107 1.831x10° 9.210x10”
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Table XI. Random Variables

Variable Parameter 1 Parameter 2 Distribution
X1 (1) 5 mm (mean) 0.1 mm (std") Normal
X2 (d) 42 mm (mean) 0.5 mm (std) Normal
X3 (L1) 119.75mm (Ib™) 12025 mm (ub™™)  Uniform
X4 (L2) 59.75 mm (Ib) 60.25 mm (ub) Uniform

Xs (F1) 3.0 KN (mean) 0.3 kN (std) Normal

Xs (F2) 3.0 KN (mean) 0.3 kN (std) Normal
X7 (P) 12.0 KN (mean) 1.2 kN (std) Gumbel
Xg (T) 90.0 N-m (mean) 9.0 N-m (std) Normal

Xq (Sy) 220.0 MPa (mean) 22.0 MPa (std) Normal

*: std — standard deviation
**- |b — the lower bound of a uniform distribution
***: ub — the upper bound of a uniform distribution
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Table XII. Interval Variables

Variable Lower bound Upper bound
Y1 () 0° 10°
Y2 (6) 5° 15°
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Table XII1. Bounds of Probability of Failure

Probability of Failure Pr Py o2 S,

P 1.437x10*  1.631x10* 1.530x10*  1.940x10°
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Table XIV. Sensitivity of Interval Variables

Type of sensitivity Proposed Method

Numerical Validation

Y1 Y2

Y1 \F:

Type | 06,106, 1.038x10*  5.861x10°
Type Il op, /85,  -5.192x10° -2.930x10°
Type lll 85,10y,  2.077x10*  1.172x10™
Type IV dp, /0y,  -1.038x10*  -5.861x10°

1.034x10"  5.837x10°
-5.170x10®°  -2.919x10°
2.068x10*  1.167x10™
-1.034x10*  -5.837x107
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Table XV. The Change of 5, and p; with 1% Increasesin &, and Y,

Type of sensitivity A" AL

Type | 05,/06, 1.038x10° 5.861x10°
Type Il op, /66 -5.192x10°  -2.930x10°®
Type Il 85, /6y, 1.039x107 5.860x10°
Type IV &p, 16y, -5.190x10°  -2.931x10°®
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Table XVI. Sensitivity of random variables

Proposed Method

Numerical Validation

Type V0o, /09 Type V1P, /69 Type VS, /00 TypeVIdp, /g
X1 (1) -5.822x1072 -4.886x10™ -5.820%x1072 -4.886x10™
X1 (o) 1.614x10% 1.457x10™ 1.615x10% 1.458x10™
X2 (14,) -2.413%x107 -1.888x10™" -2.413x107 -1.888x10™
X2 (o5,) 1.393x10% 1.088x10™ 1.394x10% 1.089x10™
X3(a,) 1.093x10° 8.412x10° 1.093x10°® 8.413x10°
X3 (b;) 1.130x10°® 8.697x10°° 1.137x10° 8.742x10°
Xs(a,) 1.123%x10°® 7.893x10° 1.124%10° 7.894x107
X4 (b,) 1.162x10° 8.143x10°® 1.167x10° 8.163x107
Xs (145) 7.630x10°® 6.197x10°’ 7.631x10°® 6.197x10"
Xs(o5) 8.347x10° 7.033x107 8.355x10° 7.040x10”
Xe (145) 3.908x10°® 3.117x10” 3.908x10® 3.117x107
X (o) 2.192x10° 1.779x107 2.193x10° 1.780x10°"
X7 (1) 5.002x10° 4.256x10° 5.002x10°° 4.256x10®
X (o) 5.139x10"° 5.670x107 5.143x10*° 5.674x107
Xs (1) 5.678x10°® 5.050x10°’ 5.688x10® 5.049x10”
Xg (o) 1.363x10°° 1.402x10°® 1.363x10° 1.402x10°®
Xo (145) -2.887x10™2 -2.457x10™ -2.886x10™2 -2.457x10™
Xo (o) 8.708x10* 8.108x10™ 8.740x10°* 8.146x10*
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