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Abstract

It is desirable to predict product reliability accurately in the early design stage, but the lack of
information usually leads to the use of independent component failure assumption. This
assumption makes the system reliability prediction much easier, but may produce large errors
since component failures are usually dependent after the components are put into use within a
mechanical system. The bounds of the system reliability can be estimated, but are usually wide.
The wide reliability bounds make it difficult to make decisions in evaluating and selecting design
concepts, during the early design stage. This work demonstrates the feasibility of considering
dependent component failures during the early design stage with a new methodology that makes
the system reliability bounds much narrower. The following situation is addressed: the reliability
of each component and the distribution of its load are known, but the dependence between
component failures is unknown. With a physics-based approach, an optimization model is
established so that narrow bounds of the system reliability can be generated. Three examples
demonstrate that it is possible to produce narrower system reliability bounds than the traditional

reliability bounds, thereby better assisting decision making during the early design stage.

Keywords: Conceptual design, System reliability analysis, Dependent component, Optimization
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1. Introduction

There are four design stages in a design process, including problem definition, conceptual
design, embodiment design, and detail design [1]. The early design stage includes problem
definition and conceptual design. During the problem definition stage, the problem and working
criteria/goals are defined, information such as voice of customer is gathered, and functional
modeling is performed [2]. During the conceptual design stage, design concepts are generated,
analyzed, and selected [3]. In this work, we consider reliability in the conceptual design stage.
Reliability is the ability of a product to perform its intended function without failure, and it is
usually quantified by the probability of such ability [4]. In the past, reliability issues were usually
addressed when field failure data and/or life testing data became available. This treatment is too
late because losses have already occurred. It is therefore necessary to perform reliability analysis
in the early design stage. Considering reliability upfront will not only ensure high reliability,
robustness, safety, and availability, but also reduce risk and product lifecycle cost [5].
Specifically, predicting system reliability helps decision making in the early design stage [6]. For
example, after several design concepts are generated, the best design concept(s) should be
selected. In many cases, the product reliability is a major decision factor for keeping or
eliminating design concepts. Reliable decision making relies on the accurate system reliability

prediction.

Although methodologies exist for early reliability prediction [7-9], predicting reliability early
is still a challenging task due to various reasons. Herein, we focus on one of the most important
reasons — the lack of dependence information between component failures. Nowadays it is a
common practice for a product (or system) to have its components designed and manufactured

from different companies (suppliers). These components are individually and independently
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designed, tested, and manufactured. The reliability of each component may be known to the
designers of a new product. When the components are assembled into a system for operation,
they are dependent, and the dependent relationship needs to be considered for obtaining the
system reliability. The dependence comes from the following reasons: components operate under
the same environment, they are subjected to the same load, they deform dependently due to
geometric constraints, and the output of one component is the input to other components, and

vice versa.

Lacking dependent component states poses a challenge for the early product design because
it is difficult to define the exact dependent relationship of components due to the limited
information available to the designers of the new product. Even if the designers could acquire the
reliability of each component from the supplier who designed and manufactured the component,
they do not have access to all the details that are necessary for the system reliability prediction,
such as the material properties, geometry, and critical parameters of the component. As a result,

the joint probability density of the states of all the components is not available in general.

For the above reasons, approximations to the system reliability are usually used. The
commonly used reliability engineering methods are based on the assumption of independent
component failures [10-12] on the condition that component reliabilities are given. The
independent component state assumption makes the system reliability analysis much easier, but
may produce large errors and may therefore lead to erroneous decisions for design concept
evaluation and selection. Besides, Park et al. [13] demonstrated that the error due to ignoring
dependence can be negligible for a highly reliable system. The conclusion is verified by various
conditions. But for design concepts that may not have high reliability, considering component
dependence is still necessary for concept evaluation and selection with respect to reliability.
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Efforts have been made to improve the accuracy of system reliability by considering
component dependence. Humphreys and Jenkins [14] reviewed and summarized the
development of techniques of dealing with dependent component failures before 1991. Zhang
and Horigome [15] proposed a method to predict system reliability by considering both
dependent component failures and time-varying failure rates under several assumptions about
system states and time-varying failure and repair rates. This study is suitable for system and
component failures due to a cumulative shock-damage process. Pozsgai and Neher [16]
summarized approaches to the reliability of mechanical systems with the dependence
consideration, such as common-mode failures, load-sharing, and functional dependence. Neil et
al. [17] developed hybrid Bayesian Networks (BNs) to model dependable systems with a new
iterative algorithm, which combines dynamic discretization with propagation algorithms to
realize inference in hybrid BNs. This model uses several assumptions; for example, the repair
time is negligible. Marriott and Bate [18] considered dependent failures of nuclear submarines.
Their method is based on the unified partial model (UPM), which provides a way to assess the
effects of dependent failures on a system in an auditable manner. The method, however, may not
be applicable for early designs due to the limited information available for the input of the UPM
model. Recently, Youn et al. [19], Nguyen et al. [20], and Wang et al. [21] presented system
reliability analysis models for problems where all the component parameters are known. In
summary, it may not be easy to apply these methodologies in the early design stage because of

limited information about component dependence.

The alternative way is to estimate the bounds of the system reliability. For instance, for a
series system, with the inclusion-exclusion principle [22], the system reliability analysis involves

the joint probabilities associated with the components of the system. When the component states
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are dependent, it is difficult to calculate the probabilities of the intersections for a large number

of components; thus system reliability bounds [RS”“”, R;“ax] are of interest, where RI™ and RI™

are the minimum and maximum system reliabilities, respectively. The analysis may require the

marginal component probabilities, Pr(C,) for component C,, and the joint probabilities of small
sets of components, for example, bicomponent probabilities Pr(C,C;) for components i and j;
tricomponent probabilities Pr(C,C,C,) for components i, j, and k; and so on. Even the
bicomponent joint probability Pr(C,C;), however, still needs knowing the joint probability of C,
and C;. Without using joint probabilities, Boole [23] derived an inequality equation to calculate

the system probability bounds for series systems with only the unicomponent probabilities

Pr(C.), namely, component reliabilities. The bounds produced, however, may be too wide for

practical use, as will be discussed in the next section.

In the area of structural reliability which is based on computational models derived from
physics principles, narrower system reliability bounds could be produced because joint
probabilities are computationally available [24]. The first-order approximation method for
system reliability analysis proposed by Hohenbichler and Rackwitz [25] produces narrow system
reliability bounds. The method is efficient, but cannot be used in conceptual design because it
requires all detailed information about components, such as component limit-state functions,
which may not be available during conceptual design. Kounias [26], Hunter [27], and Ditlevsen
[28] also developed methodologies for series systems with both unicomponent probabilities

Pr(C,) and bicomponent probabilities Pr(C,C;) . Zhang [29] generalized the methodologies with

high order joint probabilities, such as tricomponent and quadricomponent probabilities. These
methods still have some drawbacks. The system reliability bounds have the order-dependency
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problem, meaning that different orders of components may result in different system reliability
bounds. The computational demand is also intensive since all the possible ordering alternatives
need to be considered. Song and Kiureghian [30] later used linear programming (LP) to address
some of these drawbacks. The LP method has no restrictions on component ordering and can
incorporate incomplete component probabilities and inequality constraints on component
probabilities. Its efficiency deteriorates as the dimension of the problem increases because the
size of the problem expands exponentially with respect to the number of components.
Ramachandran [31] reviewed and summarized progresses made on structural reliability bounds
before 2004. Recently, Domyancic and Millwater [32] summarized and compared different
computational methods such as first order bounds, Ditlevsen bounds, KAT lower bound, and LP
bounds and demonstrated the applications in series systems. However, as the computational
models may not be available during the early design stage, these methods could hardly be

applied for the system reliability analysis of a new product.

The purpose of this work is to explore possible ways to accurately and efficiently produce
narrow system reliability bounds during the early design stage using a physics-based method
with limited information. We demonstrate the feasibility for the following situation: component
reliabilities are provided to the designers of a new product from individual suppliers, and the
system designers know the load, to which the new product is subjected. We also assume that a
component has only one major failure mode that is related to the strength of the component.
With a physics-based approach, we establish an optimization model to produce narrower bounds
of the product (system) reliability, which will better assist the decision making process in the

early design stage.
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We review the methodologies of system reliability modeling in Section 2. We then present
the proposed system reliability analysis in Section 3, followed by three examples in Section 4.
More discussions on the uncertainty in input variables are provided in Section 5. Conclusions

and future work are given in Section 6.

2. Review of System Reliability Modeling

There are three typical types of systems, including series systems, parallel systems, and
mixed systems. Herein we focus on series systems. The proposed methodology in this work can

be extended to the other two types of systems.

A series system consists of components in series as shown in Fig. 1. The failure of one
component can result in the failure of the entire system. This type of system is also referred to as

a weakest link system.

We denote the components by C,, C,, ..., C, . Correspondingly, their reliabilities are denoted
by R, R,, ..., R,. If the states of the components are assumed to be independent, the system
reliability is

Ry = q R 1)

The direct use of the above method with the independent component assumption may not be

applicable to many mechanical systems. For example, the speed reducer system shown in Fig. 2

consists of one motor, one belt, one drum, two couplings, three shafts, four gears, four keys, and
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eight bearings, with a total of 24 components. For a simple demonstration, assume the reliability
of each component is R=0.9999 or the probability of failure is p, =107, then the system
reliability is R, =0.9999* =0.9976 according to Eq. (1), or the probability of system failure is
Pis=1-Ry = 2.4x10°%. The calculated probability of system failure is so high that the design

would be rejected for any practical applications. In reality, however, given the high component
reliability 0.9999, the actual system reliability of the speed reducer system should be much
higher than the calculated value 0.9976. The reason is that the states of the components are

dependent because all the components share the common load in this speed reducer system.

On the other hand, without considering the dependence, the design could be extremely
conservative. For instance, if the required system reliability of the speed reducer in Fig. 2 is

R, =0.999 and the reliability of each component is the same, then the required component

reliability should be at least 4/0.999 = 0.999958, or the probability of failure of each component
should be less than or equal to p, =4.1687x107°. For the aforementioned reason of dependent

components, the actual required maximum component reliability should be much lower than

0.999958, or the actual required minimum probability of component failure should be much

larger than p, =4.1687x107°.
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Since it is difficult to obtain the system reliability without knowing the dependence between
component failures, the bounds of the system reliability are usually used. The upper bound is

given by [33]
R, <min{R}, i=1..,n (2)

The component dependence could be positive or negative. If a failure of one component
leads to an increased tendency for other components to fail, the dependence is positive, and vice
versa. For most mechanical systems, the dependence is positive [34], and we therefore consider
only positive dependence. For positive dependence, the lower bound of the system reliability is

given by [33]
[IR <R, i=1..,n (3)
Therefore
iljRi <R, <min{R}, i=1..,n )
Or the bounds of the probability of system failure are
max{pf,i}g P s Sl—ilil(l— P i) 1=12, ..,n (5)

where p; ¢ is the probability of system failure, which is equal to 1-Ry; p;; is the probability
of component failure and p,; =1-R;. In Eq. (4), estimating the reliability bounds requires only

knowing component reliabilities, but the width or the distance between the lower and upper

bounds is usually too large. Take the above speed reducer system as an example. If the
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component reliability is 0.9999, the system reliability bounds are then 0.9976 < R, <0.9999, or

the bounds of the probability of system failure are 10 < Pis < 2.4x107.

The wide gap between the lower and upper bounds makes decision making extremely
difficult. For example, during the early design stage, if the bounds of the system reliability of
two design concepts are as shown in Fig. 3 (a), designers will not be able to differentiate one
design from the other with respect to reliability because the two bounds are so wide and they
overlap with each other. If the bounds of the system reliability of two design concepts were
narrower as shown in Fig. 3 (b), designers would easily differentiate one design from the other

and will conclude that design 2 is more reliable than design 1.

To address the above problem, we propose a physics-based approach that produces narrower

bounds for the system reliability.

3. System Reliability Analysis with Dependent Components

The objective of this work is to explore a possible way to produce narrower bounds of system
reliability in order to assist decision making in the early design stage. To show the feasibility, we
focus on problems where the failure of a system can be predicted using the physics-based stress-
strength interference model. The overview of the proposed method is discussed in the next

subsection followed by details in the subsequent subsection.
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3.1 Overview of the proposed method

As mentioned previously, we focus on series systems. The components of the system may be
designed, manufactured, and tested independently by different companies or suppliers. The
reliability analysis of the components is the responsibility of the suppliers. The reliability of each
component of a new product is available to the system designers, who are responsible to predict
the system reliability. The system designers may also have knowledge about the factors of safety
that the suppliers may have used in their component designs. In addition to component
reliabilities, the system designers may also have other information, such as the load to which the
system is subjected. The system designers, however, do not have access to all the detailed
information (usually proprietary) about the component designs, such as the analysis models and

material properties, e.g., the distributions of the strengths of the components.

With the above information available, we develop a system reliability prediction
methodology based on the stress-strength interference model. Instead of providing a single-
valued system reliability, the proposed method produces system reliability bounds, which are
much narrower than those from the traditional method discussed in Section 2. The task of the
proposed method is then to search for the maximum and minimum system reliabilities, and this is
accomplished by establishing an optimization model for the system reliability bounds. The
objective of the optimization model is the system reliability, the design variables are unknown
distribution parameters of components, and the constraints are those related to component

reliabilities and factors of safety of the components.

The above assumptions, along with other assumptions we use in this work, are summarized

as follows:
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e The new product is a series system. The reason we select series systems is that they are
commonly encountered in mechanical applications, such as the speed reducer in Fig. 2.
The proposed method can be extended to parallel systems and mix systems.

e Each physical component has only one major failure mode related to the strength of the
component. If a physical component has multiple failure modes, to use the proposed
method, one can treat each failure mode as a single component. For example, if there are
two physical components, each having two failure modes, then there are four components
from the viewpoint of system analysis.

e The load and strength of each component are independent. This assumption holds for
many problems where material strengths do not depend on the load applied to the
component.

e The system designers of the new product know the load, to which the new product is
subjected. The examples of the system load include the output torque of the speed
reducer in Fig. 2, the wind velocity or water velocity of a wind turbine or hydrokinetic
turbine, the force acting on the slider of a crank-slider mechanism. The system designers
also know the distribution types of the strengths of the components, but the distribution
parameters of the strengths are unknown.

e Component reliabilities are provided by component suppliers to the system designers of
the new product.

3.2 System reliability model

We start from the models for the case with general distributions and then present the models

for a special case with normal distributions.
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3.2.1 General optimization model

In order to obtain the system reliability bound with dependent components, the designers of
the new product need to ask component suppliers to provide component reliabilities. The limit-

state function of the i-th component is defined by

Yi = Ssiei ~ S, (6)
where S, is the stress in the component, S . is the strength of the component, and -Y; or

Seni — S 1S the design margin. S, . is determined by the component load w.L or a function of

Stn,i Ste,i Ste,i

w.L . Substituting S, with w.L in Eq. (6), we could rewrite the limit-state function as

Ste,i

Y =wL -Sg; (7)
where S is the general resistance of the component to the load. S, is in general a function of

the component strength S, . and other parameters, such as the dimension variables of the

Stn,i
component. The information about some of the parameters may be proprietary to the component
supplier. As will be discussed later, the proposed method does not require the designers of the

new product to know such proprietary information.

For the system to which component i belongs, L is the total load to the system, and w;
indicates the fraction of the load that component i shares, and w. is a constant. If the load acting
on the component is equal to the load acting on the system, w. =1; if the load acting on the
component is less than the load acting on the system, w. <1. w. can be determined by the
simplified free-body diagram of component i as shown in Fig. 4, where L, is the load applied to

the component. Note that Fig. 4 is only a schematic diagram, which shows how the system load
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is shared by components, and it is not a real free-body diagram. Also note that L, is the resultant

force acting on the component and could produce point forces, distributed forces, bending

moments, and torques that exert on the component.

The reliability and probability of failure of component i are given by

R, =Pr{Y, <0} ®)

and

p; =Pr{Y; >0} 9)

We assume that the component resistance S, ; and the load to the system L are independent.
Let the probability density functions (pdf) of the component load and resistance be f_(I) and
fsm (s), respectively, and let their joint pdf be fh,sm (I,s). Then the component reliability is

calculated by

R=Pr{Y,<0}= [[ f_g (I,5)dlds (10)

W L<Sg;
Given all the component limit-state functions, the safe condition of the system is determined
by the intersection {Y, <0NY, <0N...NY, <0}, or {¥,<0,Y, <0,...,Y, <0}. Then the system

reliability is given by
Ry =Pr(Y, <0, Y, <0,..., Y, <0)=Pr(Y <0) (11)
where Y =(Y,, Y,, ..., Y,) . Using the joint pdf f,(y) of Y =(Y,, Y,, ..., Y,), we have
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Ry =Pr(Y <0)=[f,(y)dy (12)

If the distributions of the loads and resistances of all the components are available, f, (y)
will also be available, and the system reliability can then be obtainable by Eq. (12). As discussed
previously, for the system designers of the new product, however, the distribution parameters of

component resistances are unknown. We denote d=(d,,d,,...,d,) for the distribution
parameters of component resistances, where d. contains the distribution parameters of the

resistance of component i. For example, if the resistance of component i is normally distributed,

then d; = (xs_,

,0s. ), Where 1 and o denote the mean and standard deviation, respectively.

Some of the parameters in d are proprietary to the component suppliers. Without knowing the
distributions of the component resistances, the designers of the new product will not be able to
obtain an exact system reliability prediction. As mentioned previously, the proposed method uses
all the information available to the designers of the new product to produce narrow bounds of the
system reliability with the assumption that the distribution types of the component resistances are

known while the distribution parameters are unknown.

The system reliability bounds are found by solving for the minimum and maximum system
reliabilities through using optimization models. We now discuss such optimization models,

including their design variables, objective functions, and constraint functions.

The design variables are those of unknown distribution parameters of the component
resistances, denoted by d. For example, if the component resistances follow normal distributions,

the design variables will be means and standard deviations

d=(d,,d,,..d,)= (:uSRi’O_SRJ'ﬂSR‘z’O_SRYZ e s, 10, )

n
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The objective function is the system reliability given in Eq. (12). It is a function of known

distribution parameters of the system load p, , and unknown design variables d. The objective
function is denoted by R.(d;p,) . Maximizing R (d;p,) produces the maximum system

reliability R™ while minimizing R, (d;p,) produces the minimum system reliability R™.

There are multiple constraint functions. The reliability of a component gives an equality

constraint according to Eg. (10), and there are therefore n equality constraints, as shown below.

h(dip)= [[ fs (,9dids=R, i=12,..n (13)

W L<Sg;
Although the designers of the new product may not know the actual factors of safety used by

component designers from the suppliers, they have good knowledge about the range of the

factors of safety of the components. Denote the lower and upper bounds of the factors of safety

min and r\max

by n; . » respectively, we have the following inequality constraints.

" <ng,(d;p.) <n™ (14)

s, = S,i

There are therefore totally 2n inequality constraints given by

g,(dp)=nl"-n.;(d;p,)<0,i=12,...,n (15)

S,

and

Oin(dip) =ng;(d;p ) —n77"<0,i=12,...,n (16)

In addition, the designers may also have good knowledge about the coefficients of variation,

which are the ratios of standard deviations to means of component resistances. Denote a
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coefficient of variation by c, and its lower and upper bounds by ¢™ and ¢™, respectively.

From ¢™ <c(d;p,) <c™, we have other 2n inequality constraints.

gi+2n(d;pL) :Cimin _Ci (d1pL) < 0! i :1121"-1n (17)

and

Oian(@p) =C(d;p)-¢™ <0,i=12,...,n (18)

The optimization model for the minimum system reliability is then given by

min Ry (d;p,)

subject to
h(dip)= [ f,s (I,s)dlds=R;, i=12..,n
W, L<Sg; ‘
g,(d:p) =ng" —n,;(d;p,) <O, (19)

Giin (d1 p._) = ns,i (d, pL) — ngnlax < O'
Oizn(dip ) =¢™ —c;(d;p, ) <O,
0.5, (d;p ) =C(d;p ) —C™ <0,

For the maximum system reliability, we just change the first line of the optimization model in

Eq. (19) from mdin Rs(d;p,)to max R (d;p,). The two optimization models will produce the

minimum and maximum system reliabilities, thereby the system reliability bounds.
3.2.2 Optimization model for normal distributions

After having presented the general case, we now discuss a special case where all random

variables are normally distributed. Suppose S.; and L follow normal distributions
Spi ~ N(ﬂsm,agm) and L~ N(g ,ol), respectively. From Eg. (7), the mean and standard
deviation of Y, are
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My =Wipy — fs (20)

of :\/(WiO-L)Z +052R1i (21)

The reliability of component i is then calculated by

W. _
R =Pr(Y, <0)= | -2 |—op| - | 90 (22)
GYi \’ (\Nio-L)2 + O-SZR‘i

where @ is the cumulative distribution function of a standard normal variable. It can be shown

that every linear combination of (Y, Y,, ..., Y,) is normally distributed if the resistances S,
(i=L12,...,n) and load L are independently and normally distributed. As a result, vector
Y=(Y,Y,, ..Y,) follows a multivariate normal distribution denoted by N (u,X) , where the

mean vector p and covariance matrix X are given by

=ty o) (23)
and
cov,, ... Cov,,
= i (24)
cov,, -+ COV,,
where
2 i=j
cov, = i = (25)
boleov(Y,,Y)) =]

From Eq. (7), we can derive the covariance between Y, and Y;, and it is given by

cov; = cov(¥;,Y;) =cov[ wL—S.;, w,L—S ; |=ww,o7 (26)
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Thus, the covariance matrix X in Eq. (24) is rewritten as

2 2
or .. WWo!
X= : ) (27)
2 2
A UT Oy

n

After p and X are obtained, the pdf of Y is fully defined by

O Yoondh)=— 5P {5 () =05} @8)
(2r)? |Z|5

The system reliability is then obtained by integrating the probability density function using

Eq. (12).

For the system designers of the new product, however, the distribution parameters of
component resistances, for example, the means Hs,, and standard deviations Os,, (i=12,...,n)
of normal distribution are unknown. As a result, the complete information that defines the mean
vector p and the covariance matrix X in Eq. (28) are not available to the designers. Thus, the

exact system reliability cannot be obtained.

Narrow system reliability bounds can be found with the proposed optimization model. For
this case, the design variables become d = (d,,d,,....d,) = (x5 05 ks O o lhs, O ) @S
discussed previously, and the distribution parameters of the system load become p, =(x, ,0,).

The constraint functions associated with component reliabilities, according to Eq. (22), are given

by

W. —
h(d; ., 0,)=D| - L How, =R, i=12,...,n (29)
O-szRi +(Wo,)*
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And we have totally 2n inequality constraints according to the range of factors of safety n_;.

0,(d; s, o) =n™ — 20 =12, (30)
W4,
and
ﬂSRi max H
Oy ,0)=—"=--n7"<0,i=12,...,n (31)

L
In addition, we have other 2n inequality constraints according to the ranges of the

coefficients of variation c, of the unknown distributions.

. (oX
Gon(di 4, 0) = ¢ ——<0,i=1,2,...,n (32)
Hs, .
and
Os, . .
O (A gy, 0 ) =—2-¢"™<0,i=12,...,n (33)
Hse,

The optimization model for the minimum system reliability is then given by
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mdin Rs(d; 1, 0)

subject to
W —
h(di g 0,)=®| ———e R j-12..n
UszRi +(Wo )’
min ’USRi
gi(d;luL'O-L):ns,i -——<0,
Wi
’uSRi max
gi+n(d;/uL’O-L): ) _ns,i SO’

irL

min O-SRi
Oivon(ds g, 0 ) =" —— <0,
'LISRJ

GSRi max
gi+3n(d;ﬂL!GL):+_Ci SO,
Hsay (34)

For the maximum system reliability, we just change the first line of the optimization model in

Eq. (34) from mdin Rs(d;p,)to max Rs(d;p,) .

There are n equality constraint functions, which may cause numerical difficulties in solving
the optimization models. We could improve the optimization models by eliminating some of the
design variables using the equality constraints. This will not only reduce the scale of the
optimization but also improve the robustness of the solution process [35]. An equality constraint

imposes a functional relationship on design variables, and design variables x_can then be

substituted with remaining design variables. From Eqg. (22), we obtain

Hs, =Wty +O(R) O-Szg,i +(wo )’ (35)
Thus, design variables x_and all the equality constraints are eliminated. Plugging Eqg. (35)

into EqQ. (34) yields
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mdin R (d; 1, ,0,)

subject to

W +® (R [oE +(Wo)
gi(d;ﬂLiaL):nsnjim_ - il - <0,i=12, ..,n

Wi £,

W; £, +®71(Ri) Gsi“ +(Wi6|_)2.

9in(di gy, 00) = ' L_ni™ <, (36)
Wi 4y
O-SR,i

Oion(di 1y ,00) = Cimin - <0,

W + @7 (R)og, +(Wo )’

Srii max <
1 —_ )

W + O (R) ol +(Wo)’

Oivan(dip,0) =

The new vector of the design variables in Eq. (36) is d=6; =(o5 .05 ,....,05 ). The

bounds of o, can be determined by plugging Eg. (30) and Eqg. (31) into Eq. (29), respectively.

S G 7 P
O_SR,i - [ ®7l(Ri) _(WiO_L) (37)
(0 =D ) 2
GSR,. = [CDl—(RI) _(\NiUL) (38)

The predicted system reliability bounds cover the true value if the true design point, which
produces the true system reliability, falls into the feasible region defined by the constraint
functions. It is therefore important to carefully select the parameters for the constraint functions.
The designers of the new product could select these parameters based on their experiences, their

knowledge about component design, and design standards in their specific areas.

4. Numerical Examples
In this section we provide three examples for three cases: (1) a system consists of different
components with the same load, (2) a system consists of identical components with the same
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load, and (3) a system consists of different components with different loads. In the third example,
we also demonstrate the superiority of the proposed method in early design decision making over
that of the traditional method. Since the reliability is high, to easily show the accuracy of the

results, we use the probability of failure.
4.1 Example 1: Three different components sharing the same load

A new design consists of three different components, supplied by three different companies,
as shown in Fig. 5. They are subjected to the same load L. The resistances of the three
components are known to the component designers, and their distributions are
S, ~ N(3500,350%) kN, S, ~ N(3200,260%) kN, and S, ~ N (4000,400%) kN . The three random
variables are independent. The load L is known to both component designers and system
designers of the new product. The distribution of the load is L~ N(2000,200°) kN . The
probabilities of failure of the components obtained from the component designs are therefore
P, =9.920x10°, p,,=1.2696x10", and p,,=3.87x10"° according to Eq. (22). The
information about the component reliability is provided to the system designers of the new
product. In addition, the system designers of the new product are confident that the factors of
safety of the three components are between 1.5 and 2.5 and that the coefficients of variation of

component resistances are between 0.08 and 0.2. The information available to the system

designers of the new design is summarized in Table 1.
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For the system designers of the new product, the task is to estimate the system reliability of
the new product using the information in Table 1. The simplified free-body diagrams of the three

components are the same. Fig. 6 shows the simplified free-body diagram of component 1.

The three components are subjected to the same load L, and their limit-state functions are

therefore given by

Y,=L-S,
Y,=L-S, (39)
Y,=L-S,
Thus, the system reliability of the new product is
R, = Pr(Y, <0, Y, <0, Y, <0)=[° f(y)dy (40)

where Y =(Y, Y,, Y;)~N(uX) . From Eq. (35), the means of component resistance

Hs, 1=1,2,3, are given by

Hs, = H +CD_1(Ri) O-; +(0'|_)2 (41)

The covariance between any two limit-state functions is cov(Y;,Y;) = o according to Eq.

(26), and the covariance matrix X is then given by
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2 2 2
Oy O O
Y= GE 032 GE (42)

o, o; oy,
The design variables are d = (o , o5 , 05 ). Thus, the optimization model is created using Eq.
(36).

mdin Rs(d; 41,0,)
subject to

He +CD_1(Ri) O-szi + (GL)Z

(d; g ,0,)=1.5- <0, i=123
gu( He O-L) 2000
p + P (R)jos +(0,)?
Oys(di g1, 0) =— 20003' 2 _25<0, (43)

O
Oi,s(d; 4,0, ) = 0.08— > <0,
’ . s JrCI)_l(Ri),/O'SZi +(0,)?

JS-
0,.0(d; 11, 0,) = ' -0.20<0,
T 4 40 (R) ol +(0))

For the maximum system reliability, we just change the first line of the optimization model in

Eq. (43) from mdin R (d; y, ,0,) to max R, (d; ¢, ,0,) . Table 2 shows the bounds of the

probabilities of system failure obtained from the traditional method and the proposed method.
The results indicate that the proposed method produces much narrower bounds than those from

the traditional method. The two bounds are also plotted in Fig. 7.
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The true value of the probability of system failure is also provided in both Table 2 and Fig. 7,
and it is calculated as if all the distributions of S,, S,, S,, and L were known. Note that in
reality, both component designers and system designers only know some of the distributions.
Even though the exact value may never be known, we use it to verify the accuracy of the
proposed method. As indicated by the results, the probability bounds from the proposed method
do contain the exact value. To easily show the accuracy, we also use the percentage errors of the
lower and upper bounds of the probabilities of system failure relative to the true value. The

errors of the traditional and proposed methods are [-44.68%,0.23%] and [-0.26%,0.22%],

respectively. They are also shown in Fig. 7.

4.2 Example 2: Three identical components sharing the same load
The system configuration is the same as that in Example 1. The three components are also

subjected to the same load L. But the three components are identical here. The component
resistance is known to the component designers, and its distribution is S ~ N (4000,130%) kN .
The load L is known to both component designers and system designers, and its distribution is

L ~ N(2400,450%) kN . The probability of failure of the component obtained from the
component supplier is p, =3.1789x10* and is provided to the system designers. In addition,

the system designers estimate that the factors of safety of the component are between 1.5 and 2.2
and that the coefficient of variation of component resistance is between 0.03 and 0.15. The

information available to the system designers of the new design is summarized in Table 3.
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For the system designers of the new product, the task is to estimate the system reliability of
the new product using the information in Table 3. The simplified free-body diagrams of the three

components are the same as that in Example 1, as shown in Fig. 6.

The component limit-state functions are Y, =Y, =Y, =L —S according to Eq. (39). Plugging

their limit-state functions into Egs. (40) through Eq. (43), we obtain the optimization model as

follows.
mdin Re(d;p1,00)
subject to
+®Y(R) /0% +(c,)
gi(d;,uL,aL):l.S—'uL (R)yos *(o0) <0, =123
2400
+® (R, ol +(0,)°
9i+3(d;uL,aL)=ﬂL (R)yos +lou) -2.2<0, (44)
2400
gi+6(d;,u|_,0'|_)20.03— s <0,
H +®71(Ri)\[05i +(o)?
o (di 2y, 0 ) = % -0.15<0,
s +d)‘1(Ri)\/<752i +(o.)

For the maximum system reliability, we just change the first line of the optimization model in

Eq. (44) from mdin Rs(d;y ,0,) to max R (d; i, ,0.) . Table 4 shows the bounds of the

probabilities of system failure obtained from the traditional method and the proposed method.
The results also indicate that the proposed method produces narrower bounds than those from the

traditional method. The two bounds are also plotted in Fig. 8.
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The exact (true) value of the probability of system failure is also provided in both Table 4
and Fig. 8. The exact value is calculated as if the distributions of S and L were known. As
indicated by the results, the bounds of the probability of system failure from the proposed
method do contain the exact value of the probability of system failure. The relative errors of the

two methods are [-48.10%,55.65%] and [-3.52%,54.64%)] as shown in Fig. 8.

4.3 Example 3: Two different components sharing different loads

Two design concepts for a hoisting device with a load L are generated. They are shown in
Fig. 9. Cables 1 and 2 are used in design concept 1 while cables 3 and 4 are used in design
concept 2. All the cables are supplied by different companies. Both reliability and cost are two
major factors for choosing one design concept between the two. The cost of design concept 2 is
estimated 20% cheaper than that of design concept 1 because the components in design concept
2 are cheaper. The distribution of the weight of the block L ~ N(1500,160%) kN is known to the
system designers of the new hoisting device. The resistances of the two cables used in design
concept 1 are only known to the component designers, and they are independently distributed

with S, ~ N(1200,100%) kN and S, ~ N(2500,250%) kN . Using the distributions, the component
designers estimate the probabilities of failure of the two cables are p,,=2.2078x10"* and

P, = 3.7709x10™*, and the results are provided to the system designers of the new product.
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For design concept 2, the slope is 8 =30", and the coefficient of kinetic friction between the

block and surface is u, =0.2; they are known to system designers. The resistances of the two
cables are only known to the component designers, and their distributions are
S, ~ N(600,65%) kN and S, ~ N(1220,140°) kN . The two random variables are independent.
The probabilities of failure of the two cables obtained from the component design are

Pis =1.9475x10™ and Pis= 2.5523x107*, and they are also provided to the system designers

of the new product. In addition, for both concepts of the new product, the system designers
estimate that the factors of safety of all the cables are between 1.5 and 2.5 and that the
coefficients of variation of component resistances are between 0.08 and 0.2. The information
available to the system designers of the two design concepts is summarized in Tables 5 and 6,

respectively.
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We have

=0.5L
{Ll 5)
L, =L
The limit-state functions of the two cables in concept 1 are given by
Y, =0.5L-S,
(46)
Y,=L-S,
The simplified free-body diagram of design concept 2 is shown in Fig. 11.
Place Figure 11 here
Based on force equilibrium, we obtain
L= L(sin @+ p, cOs6)
o (47)
2L(sin & + p, cosB)
L, =
3
The limit-state functions of the two cables are then given by
Y, - L(sin 6+3yR cosd) s,
: (48)
2L(sin & + p, cosB)
Y, = -3,
3
The general limit-state function of the four cables for both design concepts is therefore
Y, =wL-S, (49)

where i1=1,2,3,4.
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The system reliability of design concept 1 is then given by
Ry =Pr(Y,<0, Y, <0) =" f(y,)dy, (50)

where Y, = (Y, Y,) ~ N(p,, X,) . The mean function of component resistance x is given by

Hs =Wy + ®71(R1)\/ O-sz1 + (W1GL)2
Hs, = Wotl +®71(R2)\/0-322 + (WZO-L)Z

(51)

The covariance between the two limit-state functions is cov(Y,,Y,) = ww,c? according to Eq.

(26), and the covariance matrix X, is then given by

ol WW,o?
21{ y, WiV LJ (52)

2 2
W,W,0\ Oy,

The design variables are d, = (o, , 05 ) . Thus, the optimization model of concept 1 is created

using Eq. (36).
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n"(ljin R (di;14,0,)

subject to

Wik +®_1(R1)\/0-521 + (W0 )? <0

1500w,

+d (R ,/o- +(W,0,)
o )=15- W, 14 ( )) S, ( L

1500w,

gl(dl;:uL’UL) =1.5-

g, (dy; 21

Wl,uL+CD_l(Rl) GS +(W16L)2
d;u,o)= : -25<0
93( 1 ML O-L) 1500w,

Wi, +® (R, ol +(W,0,)?
DML (R,) S, (W0, ) _25<0

1500w,
Os
L <0
Wy +®71(R1)\/O'§ + (WIO-L)Z
Wy +@° (R )\/O-s + (W, GL
9,(d; 1 ,0.)= -0.20<0
T\M A YL l/l,_-i-(b (Rl)\/m (53)

9g(dy; 4,0) = -0.20<0
Wity + @ (Rz)\/as2 + (W0 )?

94(d1;/u|_’O-L) =

gS(dl;,LlLao-L) = 008—

gG(dl;ﬂLvaL) = 008—

where w, =0.5 and w, =1 from Eq. (45). For the maximum system reliability, we just change

the first line of the optimization model in Eq. (53) from rrgjin R (dy;py,00) to
max Ry (dy; 1, ,)

For design concept 2, the optimization model is similar to that in Eq. (53) with the following

modifications: (1) change design variables from d, = (o ,0 ) tod, =(o; .05 ), (2) change
component reliabilities from R, and R, to R, and R,, and (3) change w, and w, to w, and w,,

where w, =(sin@+ u'cos#)/3 and w, =2(sin@+ u'cosd)/3 according to Eq. (47).
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Table 7 shows the bounds of the probabilities of system failure obtained from the traditional
method and the proposed method for the two design concepts. The results not only indicate that
the proposed method produces much narrower bounds for the probabilities of system failure than
those from the traditional method, but also demonstrate the feasibility of the proposed method to
assist the system designers to select a better concept with respect to reliability. The bounds of the
two concepts are plotted in Fig. 12. It shows that design concept 2 is more reliable than design
concept 1. This is because the probability of system failure of design concept 2 is lower than that
of design concept 1 using proposed method. It is hard, however, to make decisions using the
traditional method as the bounds for the probabilities of system failure of the two design
concepts are wide and overlap as shown in Fig. 12. Thus, with the new system reliability analysis,

the system designers may select design concept 2 because it has higher reliability and lower cost.

The exact (true) value of the probability of system failure of each concept is also provided in

Table 7. The exact value of design concept 1 is calculated as if all the distributions of S, S,,

and L were known; the exact value of design concept 2 is calculated as if all the distributions,

S;, S,, and L, were known. As indicated by the results, the bounds of the probabilities of

system failure using proposed method do contain the exact values of the probabilities of system

failure.
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4.4 Summary of the examples

The proposed method has produced narrow system reliability bounds where the true system
reliability resides. The examples also demonstrate the effect of dependent component states on
system reliability. In Examples 1 and 3, the true probabilities of system failure are close to the
upper bounds of the probabilities of system failure that are from independent component
assumption. This means that the effect of the dependency is not significant. For Example 1, the
coefficients of correlation between component 1 and 2, 2 and 3, and 1 and 3 are 0.3025, 0.2727,
and 0.2219, receptively. For Example 3, the coefficients of correlation between component 1 and
2 of concept 1, and component 3 and 4 of concept 2 are 0.3367 and 0.2207, receptively. These
small coefficients of correlation indicate weak component dependency. Even so, it is risky for
the designers of a new product to make decisions by treating components as independent states,

because they may not know the weak dependency in advance during the conceptual design stage.

The result of Example 2 clearly shows the significant impact of dependent components on
system reliability because the true probability of system failure is far away from the upper bound
that is produced from the assumption of independent components. The coefficients of correlation
between the three components are all 0.9230, which indicates the strong correlation between the

components.

5. Discussions about the Uncertainty in Input Variables

The uncertainty in input variables will also affect the accuracy of reliability analysis [36, 37].
The proposed method can actually accommodate the uncertainty in some of its input variables,
including the component factors of safety and coefficients of variation of component strengths.

The system designers know neither their nominal values nor the uncertainty associated with
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these input variables. By treating the unknown variables as either design variables or constraints
in the system reliability model in Egs. (19) and (34), the proposed method can identify the likely

values of the input variables corresponding to the minimum and maximum system reliabilities.

The uncertainty in other input variables is not considered in the proposed system reliability
model. They include component probabilities of failure, the distribution of system load, and the
types of component strength distributions. The uncertainty in these input variables may be in
different forms due to different reasons. For example, if the samples for the system load are not
sufficient, there might be several possible candidate distributions, and the distribution parameters
themselves might also be random variables [37]. In an extreme case, if the data are too scarce,
the load may be described by only an interval [38]. The component reliabilities may also be
intervals because component suppliers may report percentage errors for their component

reliabilities.

The proposed system reliability model in Eqg. (19) can then be modified to account for the
uncertainty in input variables. If several candidate distributions are possible for random input
variables, the methodology for imprecise random variables [37] can be incorporated. If the
uncertainty in the dependence between input variables has to be considered, the Bayesian

approach [36] may be applied. If the uncertainty is in the form of intervals, denoted by y, the

system reliability in Eq. (19) can be modified as
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min min Ry (d,y;p,)
y

subject to
h(dyp)= [ f.s (I,8)dlds=R,i=12..,n
W,L<Sg; '
g,(dyy;p ) =minni" —n,(d,y;p,) <O, (54)

0. (A y;PL) =1y, (dy;py) —max i <0,

Oizn(d,y;p ) =¢™ —c(d;p,) <0,
Oisn (A y;PL) =€ (dp ) — 6™ <0,

In the above model, one more loop is added for identifying the extreme values with respect to
interval variables. Due to the uncertainty in the input variables, the system reliability bounds
produced will be wider, and the computational cost will also be higher. Efficient numerical

algorithms are needed to solve the optimization model.

6. Conclusions

This work is concerned with the reliability prediction of a new product whose components
are independently designed, tested, and manufactured by different suppliers. A system reliability
method is developed to predict the reliability of the new product in the early design stage using
the component reliabilities provided by component suppliers. The method is based on the
strength-stress interference model that takes the dependence between components into
consideration, thereby eliminating the assumption of independent component failures. As a result,
the predicted system reliability bounds are much narrower than those from the assumption of
independent component failures. This study has shown the feasibility of considering dependent
component failures for predicting system reliability bounds in early design stage. The proposed
method provides reliability predictions for decision making on eliminating or keeping design

concepts during the conceptual design stage. It is useful if a concept selection method, for
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example, the Pugh Chart method, requires all design concepts be ranked with respect to
performance criteria, including reliability. For some situations, however, designers of the new
product are only interested in if the reliability requirement could be satisfied. Then the proposed
method is not necessary once the minimum reliability (the lower bound) from the independent

component assumption in Eq. (5) reaches the reliability target.

The proposed method is applicable for time invariant reliability problems. It can be extended
to time variant problems in the future work. Time-dependent reliability could be addressed by
considering time-dependent component stresses and strengths. The major research task is to
obtain the autocorrelation function of the unknown stochastic processes of generalized
component strengths. The ultimate goal is to evaluate the time-dependent system reliability for a

given period of time.

As discussed in Sec. 5, uncertainty may also exist in the input variables required by the
proposed system reliability method. The future work will be the development of computational
methods that can efficiently solve the optimization models with the extra loop that

accommodates the uncertainty in input variables.

This work assumes each component has only one failure mode. For a component with
multiple failure modes, the component designers may use multiple limit-state functions to
evaluate the reliability of the component. Although the component reliability may be reported to
the designers of the new product, they however know neither the failure modes nor the limit-state
functions of the component. A possible way to deal with this problem is to model the multiple

failure modes of the component using a single equivalent limit-state function that can represent
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the limit-state functions of the multiple failure modes. Then the optimization models proposed in

this work could be applied.

The proposed method is applied to series systems. Its application to parallel systems and mix
systems is also a possible research task in the future work. Our future work will also deal with

situations where a new product is subjected to multiple forces.
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Table 1 Information available to the designers of the new product

Known information Value
Probability of component failure p; , 0.920x10°°
Probability of component failure p, , 1.2696x107*
Probability of component failure p, , 3.87x107°°
Distribution of system load L N (2000, 200%) kN
Factor of safety for component 1 n,, [1.5,2.5]
Factor of safety for component 2 n_, [1.5,2.5]
Factor of safety for component 3 n_, [1.5,2.5]
Coefficient of variation of resistance of component 1 c, [0.08,0.20]
Coefficient of variation of resistance of component 2 c, [0.08,0.20]
Coefficient of variation of resistance of component 3 c, [0.08,0.20]
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Table 2 System reliability analysis results

Methods Bounds of p, Interval width
Traditional method [1.2696, 2.3002]x10~ 1.0306x10™*
Proposed method [2.2891, 2.30]x10™* 0.0109x10°*
Exact 2.2950x10"*
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Table 3 Information available to the designers of the new product

Known information Value
Probability of component failure p; , 3.1789x10™
Probability of component failure p, , 3.1789x10™*
Probability of component failure p, , 3.1789x10™*
Distribution of system load L N (2400,450%) kN
Factor of safety for component 1 n,, [1.52.2]
Factor of safety for component 2 n_, [1.52.2]
Factor of safety for component 3 n_, [1.5,2.2]
Coefficient of variation of resistance of component 1 c, [0.03,0.15]
Coefficient of variation of resistance of component 2 c, [0.03,0.15]
Coefficient of variation of resistance of component 3 c, [0.03,0.15]
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Table 4 System reliability analysis results

Methods Bounds of p, Interval width
Traditional method [3.1789, 9.5337]x10*  6.3548x10™*
Proposed method [5.9094,9.4721]x10™* 3.5627x10™*
Exact 6.1252x10"*
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Table 5 Information available for design concept 1

Known information Value
Probability of component failure p; , 2.2078x10™
Probability of component failure p, , 3.7709x10™*
Distribution of system load L N (1500,160%) kN
Factor of safety for component 1 n_, [1.5,2.5]

Factor of safety for component 2 n_, [1.5,2.5]
Coefficient of variation of resistance of component 1 c, [0.08,0.20]
Coefficient of variation of resistance of component 2 c, [0.08,0.20]
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Table 6 Information available for design concept 2

Known information Value
Probability of component failure p, , 1.9475x10™"
Probability of component failure p, , 2.5523x107"
Distribution of system load L N (1500,160%) kN
Factor of safety for component 1 n_, [1.5,2.5]

Factor of safety for component 2 n_, [1.5,2.5]
Coefficients of variation of resistance of component 1 c, [0.08,0.20]
Coefficients of variation of resistance of component 2 c, [0.08,0.20]

Slope 30°

Coefficient of friction Hy =0.2
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Table 7 System failure analysis results of the two concepts for the new system

Concepts Methods Bounds of p; Interval width Exact value
Tracri]iti(;)nal [3.7709, 5.9779]x10*  2.2070x10*
metho
Concept 1 . 4
P** " Proposed [5.8877, 5.9760]x10¢  008o2x10*  >io0xd0
method
Tracri]iti(;)nal [2.5523, 4.4993]x10*  1.9470x10*
metho
Concept 2 -4
P Proposed [4.4354, 4.4987]x10*  0.0633x10 4493110
method
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Figure 1. Series system
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Figure 2. A speed reducer system
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Figure 3. System reliability bounds of two designs
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Figure 4. Simplified free-body diagram of component i
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Component 1 Component 2 Component 3
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Figure 5. Three different components sharing same load
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Figure 6. Simplified free-body diagram of component 1
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Figure 7. Bounds of probabilities of system failure
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Figure 8. Bounds of probabilities of system failure
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(a) Design concept 1

(b) Design concept 2

Figure 9. Two components sharing different loads

Ly

‘LZ

Figure 10. Simplified free-body diagrams of design concept 1
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Figure 11. Simplified free-body diagrams of design concept 2
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Figure 12. Bounds of probabilities of system failure
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