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Structures under stochastic loadings 

Time dependent reliability 
• Global extreme over time interval 
•     Investigated by Mahadevan, Mourelatos, Du, Wang, etc. 
 
Fatigue reliability 
•    Local extremes 
•    Damages accumulation 



Fatigue life analysis 
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• Strain-life based method  
- Related to initial crack 

• Stress-life based method  
- Based on material S-N curve 

• Fracture mechanics method 
- Related to initiation and propagation of crack 



Background 

5 

Current methods 
• Monotonic structure responses to the stochastic 

loading 

• Assumption of narrow-band or broad-band 

• Based on field stress or strain data 

• Monte Carlo Simulation 

• Efficiency and accuracy may not be good for 

nonlinear functions w.r.t. stochastic loadings 
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Nonlinear combination of stochastic processes 

 

 

 

 

Random 
field loading: 
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Predict fatigue reliability with less computational effort 

( ) ( , ( ))S t g t= X Y

Pr{ }f Fp T T= ≤

- X is a vector of random variables 
- Y(t) is a vector of stationary stochastic processes 



Fatigue Reliability Analysis under 
Stochastic Loadings 
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First Order Reliability Method (FORM) 
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Expected accumulated 
fatigue damage over a 
time interval  conditioned 
on  

 
 
 

 

( )XTx u=

• Peak counting (PC) 

• Level crossing counting 
(LCC) 

• Range counting (RC) 

• Rainflow counting (RFC) 

 

 



Expected fatigue damage analysis 
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The Palmgren-Miner’s rule 

1

( ) ( )
( ) 1/ ( )

i i
F

i ii i

n s n s
D

N s sκγ=

= =∑ ∑

0 ( )FD v T s p s dsκγ= ∫
- mean upcrossing rate of the stress process  
- PDF of the stress cycle 
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• Calculate mean value 
upcrossing rate 

• Obtain stress cycle 
distribution from stress 
response function 

• Determine integration 
region for damage 
analysis 
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- CDF of stress response S 
- Transform stress region to probability region (0,1) 
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Inverse MPP search is performed at each of the 
Gaussian quadrature points 



Mean upcrossing rate analysis 
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( ) ( ) ( )0 ( ) ( ) / ( )v t t t tµ µ µ µω φ β β ω= Ψ 

Rice’s formula: 

•  The mean upcrossing rate is equivalent to the 
upcrossing rate of an Equivalent Gaussian process 

•  Derivation based on the Rice’s formula got the 
similar expression as that from other methods 

•  Similar researches have been conducted by 
Mourelatos, Du, etc.  



Stress cycle distribution analysis 
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For each peak larger than s, 
mathematically we have: 

S,S,S ( ( ), ( ), ( ))f S t S t S t
 

 

( ) ( , ( ))S t g t= X Y
Computationally expensive 
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Stress cycle distribution analysis 
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• Transform stress peak region to the probability region 
• Inverse peak distribution analysis is applied 



Mathematical Example 
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1 2 3( ) ( , ( )) ( ) ( ) ( )S t g t Y t Y t Y t= = + +X Y

1

2
1 2 2 1( , ) exp[ ( ) ]Y t t t tρ = − −

2 1 2 2 1( , ) cos[ ( )]Y t t t tρ π= −

3

2 2
1 2 2 1( , ) exp[ ( ) / 0.5 ]U t t t tρ = − −

3 3( ) exp[0.2 ( ) 1.5]Y t U t= +
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Results 
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Fatigue Reliability of A Shaft 
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Results 
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Conclusions 
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• The method is for fatigue reliability under 
stochastic loadings. 

• Stationary process assumption is made. 

• Peak counting method is employed. 

• Both Gaussian and non-Gaussian stochastic 
loadings can be addressed. 

 



Future work 
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• Consider non-stationary stochastic 

loadings. 

• Study the other cycle counting methods, 

such as RC, LCC and RFC. 

• Further improve the efficiency. 
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