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Time-dependent reliability analysis E’
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Failure: g(X, Y(t),t)>0 response
Reliability: R(t,, t.) = Pr{g(X|[Y(t)|t) <0, Vt[t,, 1,1}
N
Random Stochastic
variables processes

p,(t,,t,) = Pr{G(r) = 9(X, Y(7), 7) > 0, 37 € [{,, ¢ ]} An example

» The ability that a system performs its intended function over a time period of interest.

» The probability that the first time to failure (FTTF) is larger than a time period of interest.
» The longer the time period, the lower the reliability.
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=sState of the art

« Composite limit-state function method (Singh and Mourelatos, 2010, Du, 2013)

* Importance sampling approach (Mori and Ellingwood, 1993, Dey and Mahadevan,
2000, Singh and Mourelatos, 2011)

» Upcrossing rate-based methods (Madsen, 1990, Zhang and Du, 2011, Hu and
Du, 2013)

» Extreme value response method (Wang and Wang, 2012, Hu and Du, 2015)

» Other sampling-based methods (Hu and Du, 2014, Jiang, et al., 2014, Wang and
Mourelatos, 2014)

Only aleatory uncertainty

=Challenges
« Representation of epistemic uncertainty in time-dependent reliability
analysis
» Time-dependent reliability analysis including epistemic uncertainty
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Epistemic uncertainty
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Data uncertainty Method error
uncertainty
Distribution Model Hyper-parameter Linearization
parameter parameter uncertainty Bl error

uncertainty uncertainty

SR Il Prediction
Distribution Model uncertainty

Model uncertainty Surrogate model

type : discrepancy
uncertainty

» Epistemic uncertainty in random variables

» Epistemic uncertainty in stochastic processes

* How to efficiently perform uncertainty quantification in time-dependent reliability
analysis?
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Data uncertainty
=Distribution type uncertainty
=Distribution parameter uncertainty

Frequency

Bayes’ theorem

Lqewe
fL‘GWB
p(0]x)| o< L(x|6)r(6) . .
Posterior Prior distribution ) o
distribution “ »
058 | 60 62 j64 66\6‘8 70 72 74 | 76 78 0.(1)0 | é _/ 4'1 \;_ | ;
Mean Standard deviation

Distribution parameters
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Modeling of Epistemic Uncertainty in Stochastic Processes E’

Modeling of stochastic processes Y
« Karhunen-Loeve (KL) expansion method
« Polynomial Chaos Expansion (PCE)
e Linear Expansion (LE) method
« Orthogonal Series Expansion (OSE) method
« Expansion Optimal Linear Estimation (EOLE) method
« | ARMA or ARIMA model
ARMA (p, q)
V(t) =" + oY (t )+ oY (t )+ @Y (t )+ olt) - 0Vs(t, ) - 0Vst, )
R oy N—
Mean by S0
Ve =& N — =, Required in time-
Auto-covariance (1= = = w9 )o?, for k=0 — dependent
== Y 4wy o for k=1, ¢ reliability analysis
0 fork >q+1

Auto-correlation  p, (k) = ©"p, (k—=1)+¢Pp, (k—2)+--+¢"p, (k—p) _

UQ in Time-Dependent Reliability Analysis DETC2015 - 47925 Zhen Hu



Modeling of Epistemic Uncertainty in Stochastic Processes
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For given time series coefficients ¢,, ®, , the standard deviation in the noise term:

Number of trajectories Number of time instants
2 1 J % 2
o’ = Y (t)HY, ()

n, (n —DP— 1) j=1 i=p+1

Observations Estimations of the time series

The likelihood function L(D, |g,,®,)

™,

L(D,|¢, 0,) =TT (D,

i=1

9,0,) <— All trajectories

L(D!

0,0 )= L(Y;(tl)a Y'ki(tQ)’ ""Y/j(tm) ¢, 0) < One trajectory

LY (t), Y (t,), - Y (¢t ) e, 0)=LY/t) ¢,,0,) < Timeinstants

¢, 0,Y , LY.

U

p(9,,®,|D,) x LD, |9, 0, )(p, )r(w,)

tnl
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Y(t)=0.8231Y(t_)—0.1256Y(t_,) + 0.0812Y(¢_,) + N(0, 2*)

15

= Prior Distribution . = = = = Prior Distribution
10} - 8 Posterior Distribution
1 10 Posterior Distribution |
= ° | or 8
g ob 55‘ 5 6
o 4 o
sl J 4
. 2r 2
_100 100 200 300 400 500 1t N
t . See 0 L
005 06 o7 ojsqj 09 1 11 12 13 04 02 04
 Model the time series model 6 __ .
based on collected data of
« MCMC is used for calibration oo
[ 0.1
o Data from MCMC is recorded to = 015
preserve the correlation between 02
posterior distributions 0251
0.08 0.3
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Upcrossing rate

MPP searches Random field modeling VIS ST S
reliability
G Importance sampling

* The effects of epistemic uncertainty on MPP-based time-dependent reliability analysis
* Problems with stationary stochastic processes

« Two key elements] 3| and |u, p,(t, 1) = ar +oapt, ol
/ \ = ()LX()L}T( + ()LYOL‘T{ + OLYp(tO, t)ag — OLY()Lg
Affects failure threshold in U Affects Correlation =14+ _2(qu(1507 t)uYT _ uYuYT)

space and correlation over time  over time
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Uncertainty Quantification in Time-Dependent Reliability Analysis
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Quantify the uncertainty in the time-dependent reliability analysis result UNIVERSITY

A straightforward way

Traming
points of 0,
¢,and ®

:

Surrogate model p (0. ¢. @) by

performing time-dependent reliability
analysis at training points

Distribution of L;u_ff_) by performing Monte Carlo sampling

(MCS)of 0, ¢,and ® on the surrogate models

Number of stochastic Number of random

processes \ Vaybles

« Dimensionality of the surrogate model may be high: m(1+p+q)><nr

« Computationally expensive
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Main task: how to . > > ;

efficiently obtain the key min B(t,) = \/uxa +uy + qu,w)(t )

elements and u. for 0
&) y 9(T(u,.), T(ug), Tu ., ))=e

given value of the
epistemic uncertainty

Classification of random variables and stochastic processes:

* Group one: x° -- random variables and stochastic processes that are exactly modeled
* Group two:x,y* ) -- random variables and stochastic processes with epistemic uncertainty

For given value of epistemic parameters > f(X) and f(y)
p,(t)= [ [ (p,(t,)|x y)f()f(y)dxdy

For given realization of variables with epistemic uncertainty:

p, ()| % ¥y = Pr{G({)) = g(X*, X, y) > e}
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Uncertainty Quantification in Time-Dependent Reliability Analysis E ’
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Introducing an auxiliary variable: MPP search

o 0,) = |

B(u )= Pr{U, <u )= p,(t)|x y
) f
\l/ $ 10 = [’U,a, ux, uY((P’m)(tO)]

p,(t,) =Pr{lU, — q)_l(pf(to)‘fi, Yt )) < 0} ‘(I)(“a) = pf(to)‘ T(ug), T'(u

)

Y((p’ ) (t)

Surrogate model of conditional reliability index

» Independent from the distribution of mjn B(¢,) = H“H
variables with epistemic uncertainty tu=[u,u,,u ]
: o TX7 Ty
« Dependent on value of the variables p ’
with epistemic uncertainty u, = — 07| T(uy), T(“Ymm(tﬂ))
« Still applicable when the distribution
changes

* Dimension: m(1+p+q)+nxnr = m+n Conditional reliability index
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Implementation procedure
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L]

/4

—— Module one Module two
Data Classification of Surrogate model
X°. X_and Y(1) of BS(E. V)
+ v ra v
Bayesian update of Initial fraiming Maximum mean
random variables and points of X and ¥ SQUATE error
stochastic processes 1 (MSE) of
Sec. 42 and 43 305 v
(Sec ) MPP search using £ &)
Eq. (33)
L 4 T
Samples of 6.¢ and New training point

. Module three :
For each sample of 8,9 and @, perform MPP search using Eq. (41)
v
B(t,) and u_,_, N Correlation matrix p, > p,(ty.1)
: L=

¥

[ Distribution of p (f,.1,)
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g(t) =X, + X, -1 (t)
pf(to, t)=Pr{g(r) =X, + X, =Y (1)>0,3Ir [t ,t]}
X is exactly modeled , X and Y (¢)are modeled based on data.

Experimental data

180 . . . . 8

Frequency

0 20 40 60 80 100
Cycles
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15 T T T
Aleatory+Epistemic
- —="True" Ps
™ =+=+=0Only aleatory
0.4 . g
0.4 § 10k _
o 035F . 1 2
=] —~ [T
= o 2
& 03} g 02 1 z
5 = - 8
> >_ 95% Prediction Interval >
= 0257 ' 1 £ st il
2 3
£ S
5 021 o
5
2 015¢ . . . . .
é’ 00 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
é 0.1Ff Time-dependent probability of failure
= Last time instant
0.05 (& . '
"True" p; curve o | 100 Cycles
0 L L L L o —_— 5
0 10 15 20 25 30 T _— 288 §y°:es
les g 3¢ yee
[0. tJcye 9‘; ’ "True” p;
. o . S 3ot il :
UQ results of time-dependent reliability analysis g L
T 5 el 1
2 9l ! |
A 20 ] ‘ll
- Z 15} [ :; .
S n Lo,
Method Only aleatory Aleatory+Epistemic 8 10f i .
o n. ).
NOF 70 106 5f ,'Jl.-' \\\\ 1
] Voo
dato A Wl T !

0 s . "
0 005 01 015 0.2 025 0.3 035 04
Time-dependent probability of failure

More data
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Numerical Examples
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i Lﬁ .
F F)L, p,abLi| 1
) Ly/2 | A-A 9(X, Y(t) = 1 S 080 : _Z%bg%
I t "] R HHHE E}‘{]
—
B )
PAR— AN
Variable Mean Stal_ld;.ud Distribution
deviation
a, 0.22 m 0.005 m Normal
'!?u 0.042 m 2+%10% m Normal
g, 2.4x10° Pa 1.1x10" Pa Normal
F(t) Stochastic loading constructed from historical data
L-a 6 m 0 Deterministic
P 78.5 kN/ m® 0 Deterministic
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Numerical Examples
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A beam example (Cont.) UNIVERSITY
0.08 ; ; ; . . . . . . 140 ; r ; . :
! ===~ Aleatory+Epistemic
007F 006 1 120r : e Py I
o = : === 0Only aleatory
= | | L - ]
B 00 & 0.045 100 LN
o ,II \
2 0.05 8o S \ .
'r% A LL , I \
g 2 /1! \\
5 0.04 60 S \ .
é /// ! \\\
£ 0.03 40 / ! 1
o) / i \
3 0.02148 / i \
E 20t J i N i
[~ B N
0.01 "True" p; curve 0 ,', . : . . \‘\ -
0,025 0.03 0.035 0.04 0.045 0.05 0.055
1 1 1 1 1 1 1 1 1 p (0, 50)
% 5 10 15 20 25 30 35 40 45 50 '
[0, t] cycles
120f | | | ' ' ' f 250 . . . . . , ,
Method Only aleatory Aleatory+Epistemic o f\'me“ P T B>| g 2000 Samples
NOF 182 412 o AR 1 200}
/ N B
8ot /A 1 §
T \V[f %1000 Cycles 150}
o) ;! SN LR w
a 6or /) 1 £\ |y, /2000 Cycles T Q
. . . .- L B L 1000 Cycles
200 I / : . 100 Yy
e Uncertainty in the reliability w Cy”s\/ O i
. . .. J i v 200 Cycles 77 N [ 2000 Cycles
analysis result is more sensitive | [ N NN
. . . . oo L S AN
to the eplstemlc uncertalnty N ,/:_," RN ,'I_' SO
. 0 — . 1 .. N N N N * . 0 . e ¥ PR ] 1 1 e g " 1 1
the random Varlable 0.02 0.025 0.03 0.01F'3;;"'>(0Y 5(())).04 0.045 0.05 0.055 0.02 0.025 0.03 0.035 05(?4;0‘05.8)45 0.05 0.055 0.06 0.065
More stochastic load data More random variable data
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« Aframework is developed for time-dependent reliability analysis
in the presence of data uncertainty

* A new method is proposed to improve the efficiency of
uncertainty quantification in time-dependent reliability analysis

* Numerical examples demonstrated the effectiveness of the
proposed method

Future work

 Inclusion of other sources of epistemic uncertainty in time-
dependent reliability analysis (i.e. model uncertainty)

* Time-dependent sensitivity analysis to quantify contributions of
epistemic uncertainty sources
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Thank You

UQ in Time-Dependent Reliability Analysis DETC2015 - 47925 Zhen Hu



	Uncertainty Quantification in Time-Dependent Reliability Analysis
	Outline
	Time-dependent reliability analysis
	Time-dependent reliability analysis
	Epistemic uncertainty
	Modeling of Epistemic Uncertainty in Random Variables
	Slide Number 7
	Slide Number 8
	Slide Number 9
	MPP-based time-dependent reliability analysis
	Uncertainty Quantification in Time-Dependent Reliability Analysis
	Uncertainty Quantification in Time-Dependent Reliability Analysis
	Uncertainty Quantification in Time-Dependent Reliability Analysis
	Implementation procedure
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21

